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For European option in multidimensional incomplete market without transaction costs
we design discreet time pricing model. At first the following auxiliary problem is to be
considered: to find the upper guaranteed value for the expected risk depending exponentialy
on a shortage. The upper guaranteed value is a minimax of the expected risk. First we take
supremum over a set of equivalent probability measures. Then we take infimum over a set
of self-financing portfolios. Here we find conditions for the existence of a portfolio such that
an infimum is attained. We use this result to find a generalized optional decomposition for
a contingent claim. Further, we obtain conditions for the existence of a probability measure
such that the expected risk is maximal with respect to the measure. This measure turned out
to be martingale and discreet and it does not belong to the set of equivalent measures. Finally,
we demonstrate that our auxiliary results make it possible to obtain explicit pricing formulas
for an European option in an incomplete market without transaction costs. In part I of the
paper we present example models of European options’ pricing in a one-dimensional market
and in a market, where support of basic probability measure is compact.

Keywords: European option, hedging, minimax portfolio, incomplete market, optional
decomposition, S-representation, risk function.
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Introduction

1. For European option in multidimensional incomplete market without
transaction costs we design discreet time pricing model. The core problem
here is to choose a probability measure with respect to which one should
value an option. In complete markets it is a rule to value an option with
respect to the unique equivalent martingale measure. In incomplete markets
there is a continuum set of such a measures.

The authors of [5], [8], [9], [10], [12], [17], [19] suggest choosing an
equivalent martingale probability measure such that the price of an European
option is maximal. In these papers, one can find methods for constructing
a portfolio and calculating the price of an option for different models of
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incomplete markets. The methods are based on optional decomposition of
supermartingales.

The authors of [5] establish an optional decomposition under assumption
that the evolution of risky assets’ prices is represented by a diffusion process
with jumps. They prove the existence of a superhedging portfolio with
consumption and find the price of an option using this decomposition.

The authors of [9], [12], [19] prove the existence of an optional
decomposition (for contingent claims) with respect to a class of
equivalent martingale measures in incomplete arbitrage-free markets without
transaction costs. In these papers, they assume that the evolution of risky
assets’ prices is given by a semimartingale. In that case, they provide a
method for calculating the European options’ prices in incomplete markets
in terms of this decomposition.

In [8], [10], [17], the authors also establish the existence of an optional
decomposition of contingent claims with respect to equivalent martingale
measures in incomplete arbitrage-free markets without transaction costs in
discrete time and provide a method for option pricing in terms of this
decomposition.

In [11] for an abstract model of market they have found necessary and
sufficient conditions for existence of representation for an upper hedging price
7(B), where B is a nonnegative contingent claim in the form of functional

sup EnB and D is a set of nonnegative random variables. There is also a
neD
detailed review of results on theory of European options’ superhedging in

incomplete markets.

Note that this approach to option pricing requires calculation of a
essential supremum over a set of martingale measures of functionals’
conditional expectations, where the functionals are defined on the trajectories
of risky assets’ prices; calculation of this essential supremum is a substantial
mathematical problem. For this reason, in [5], [8], [9], [10], [12], [17],
[19], there is a lack of explicit formulas describing the portfolio process
and the corresponding process of the capital evolution. It is well known
[1], 6], [13] that the calculation of essential supremum of additive or
multiplicative functional’s conditional expectation (where a functional is
defined on trajectories of a controlled random process) is an object of
stochastic optimal control. In this theory, they solve the problem using
methods of the stochastic dynamic programming (see, e.g., [5]).

2. In this paper, we design pricing model for European option in
incomplete market without transaction costs when time is discrete applying
the minimax principle (in contrast to [5], [8], [9], [10], [12], [17], [19]) that
can be formulated as follows: (i) as far as the probability distribution of the
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risky assets’ price evolution process is unknown, one should suppose that it
maximizes the price of an European option; (ii) one should buy with minimal
capital as many risky assets as to be sure to cover an option’s contingent
claim. In this paper, the realization of this principle is based on the following
two opportunities. The first one is the reduction of a minimax calculation
problem to a game problem of optimal stochastic control. The second one is
based on the reduction of an European options pricing problem to a game
problem of optimal stochastic control with a multiplicative functional. The
last opportunity follows from the results of [4].

3. Let us outline our approach to FEuropean option’s price modelling. We
consider a multidimensional incomplete market specified by a semimartingale
and a European option with finite time horizon and bounded pay-off.

At first we study auxiliary game problem. Specifically, suppose that there
are two players watching the d-dimensional sequence of risky assets’ prices.
The first player represents a market. Its strategies are probability measures
defined on the trajectories of risky assets’ prices and equivalent to some
basic measure. The second player manages assets. His strategies are self-
financing portfolios (described by multidimensional predictable sequences).
We suppose that the risk function (the payoff function of the second player):
(i) depends on his shortfall; (ii) is exponential (this choice will be explained
later). As in [10], the shortfall is the difference between a contingent claim
and the profit gained by the second player from the portfolio during the
option lifetime, i.e., We also suppose that the players are "rational" and
choose their strategies independently. The first player maximizes the expected
risk over a set equivalent probability measures. The second player minimizes
the expected risk over admissible (in a sense clarified below) self-financing
portfolios. Therefore we have the minimax problem.

The idea to consider such a problem goes back to [4], where the problem
was solved for a special case. The authors used the method of stochastic
dynamic programming to prove the existence of the S-representation of
martingales (for the definition of S-representation, see [17]). In this paper,
we generalize this result (see Theorem 4). Note that we have chosen the
exponential risk function just because it allows us to apply the above-
stated method. The solution of our auxiliary problem (2) allows us: (1) to
establish an analogue of the optional decomposition for any F°-measurable
bounded function fy, i.e., for any contingent claim in the European options’
problem in incomplete markets without transaction costs; (2) to investigate
the properties of the measure with respect to which the essential supremum of
Lebesgue integral is attained; (3) to choose a probability measure with respect
to which one should estimate an option. Finally, all these made it possible to
design our pricing model for European option in incomplete market, namely:
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(1) to find a portfolio of assets at any moment and the corresponding capital;
(2) to calculate the upper bound for spread.

4. Let us briefly discuss the structure of the paper. The paper is in
two parts. Here contents of the first part is outlined. Section 1 deals with
our auxiliary game problem (2). First, it is shown that we can use the
method of stochastic dynamic programming for that problem, i.e. we prove
that sequence of upper guaranteed values satisfies recurrent relation (5)
(Theorem 1). Further, we determine conditions for the existence of admissible
portfolio such that the outer essential infimum is attained (Theorem 3).
We use this result to prove that the contingent claim allows an optional
decomposition with respect to the class of equivalent measures (Theorem 4).
Further, we find conditions for the existence of a probability measure with
respect to which the inner essential supremum is attained (Theorem 6). From
these results existence condition for solution of auxiliary problem follows
(Theorem 8). For convenience of reading all proves are grouped in Section 3.

In Section 2, we design our pricing model for European option in an
incomplete market without transaction costs when time is discrete. First, we
use Theorem 4 (an analog of the optional decomposition) to link auxiliary
problem (2) and the superhedging problem [17]; namely, we construct perfect
superhedging portfolio for a European option in an incomplete market
without transaction costs (Theorem 10). Also here we prove, that the capital
of the above-mentioned perfect superhedging portfolio (constructed for the
exponential risk function) is less than or equal to the capital of any other
perfect superhedging portfolio at any time moment. This means that the
capital of the minimal prefect superhedging portfolio coincides with the upper
bound of the spread. Further, we prove that the measure with respect to
which essential supremum is attained (constructed in Section 1, we call it the
worst-case measure) is a martingale one (Theorem 11). So, a contingent claim
admits an S-representation [17] with respect to the measure (Theorem 12).
Besides, we prove that there is discrete worst-case measure (Theorem 13) and
in the case of incomplete market it is not equivalent to the basic measure
( Remark 7 ). It follows from these statements that we can identify the
initial incomplete market with a complete one with respect to the worst-case
measure and the corresponding minimal perfect superhedging portfolio has
zero consumption. This portfolio is called a minimax hedging portfolio. Note
that the capital of the minimax hedgeing portfolio coincides with the upper
bound of the spread. And as the market is complete with respect to the
worst-case measure, it is possible to calculate it explicitly. All statements of
Section 2 are proved in Section 4.

The second part of the paper consists of two sections with examples.
Using our pricing model of part I, in Section 5 we construct the minimax
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hedging portfolio for a European option in a one-dimensional finite
incomplete market. In Section 6, we give an example of a European option’
pricing in an one-dimensional incomplete compact market.

§1. Auxiliary minimax problem

In this section we consider auxiliary minimax problem (2) and, as a result,
find existence conditions for it’s solution. These results are essential for our
prising model to be constructed in Section 2. Though problem (2) and our
approach to the solution are interesting in themselves.

1.1. First let us introduce some notation.

1.1.1. Let {St, Fi},cn+ be a d-dimensional adapted random sequence on
the stochastic basis (Q, F, (F;),cn+ » P). Suppose that:

(i) a probability measure P is fixed (this measure is said to be basic [17]);

(ii) for any t € N* the o-algebra F; = F° = 0 (S, u < t).

Together stochastic basis (€, F, (F¢)en+ - P) and {S;, Fi},cn+ specify a
financial {1, S}-market [17].

By Ry we denote the set of all probability measures on (Q, F, (ths ) e No)

such that any measure Q € Ry is equivalent to the basic measure P. Without
loss of generality we suppose that P € Ry; so, Ry # @. The set of all
martingale measures (i.e. measures with respect to which {S;, Fi},cy, 1s a
local martingale, see [17]) is denoted by I y.

The expectation of a random variable § with respect to a probability
measure Q (P) is denoted by E?0 (EP9), and EX (0|.F) is the conditional
expectation with respect to the measure Q and the o-algebra F°.

1.1.2. Let fy (S,) be a bounded Fy-measurable random variable, where
N € N*. Here fy (S.) (or short fx) represents pay-off function of European
option with horizon N [17], [10]. We write N, = {k,k+1,k+2,..., N},
ke{0,..,N}.

A d-dimensional F®-predictable sequence is called a strategy and is
denoted by 7 = {y},cn,, where Ny = {1,2,...,N}. The vector v is a

control at a time ¢t € N;. By U we denote the set of strategies. Let [71N be
an arbitrary subset of UN. By Uf? we denote the reduction of the set UN
to {t1,...,ta} € Nj, where t1,t5 € Ny and to > t;. Thus, we will use the
following notation ;2 € ﬁff, where %2 £ {7y, ..., Y, }-

1.1.3.

Definition 1 A pair (Q,7,) € Ry x U, is called a t-bistrategy, t €
Ny; (Q,’Y{V) € Ry x UY is a bistrategy, and v, € UL, is a t-strategy.
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Definition 2 An estimate of a t-bistrategy (Q, vﬁl), t € Ny, is an Fp -
N
measurable random variable (denoted by ItQ’%“ (S5)) defined by

1275 (s1) £ E° [exp {fN (50— 3 mASi)} ff] W

1=t+1

Above (e, @) is the scalar product in a multidimensional Euclidean space,

AS;, 285, -8, 1.

Definition 3 A random wariable fx(S,) and a strategy ¥ are
N
admissible if ess sup EQISM1 (Sp) <00 Q—a.s.
QeRN

As fy is bounded Q-a.s., so pair (fN,’y{V) is admissible if
N
esssup EQ exp{— > (%-,ASi)} < 0o Q —a.s. For given fy, by DV we

QeRy i=1
denote the set of all admissible strategies vi¥. Note, that DY # & as trivial

strategy belongs to admissible pair ( v,y ) for any Q-a.s. bounded fy.
Definition 4 A bistrategy (Q,71') € Ry x DY is said to be admissible.

We consider the following problem:

N
]gml (Sp) —> essinf esssup. (2)
WeEDT  QeRy

— N
Definition 5 The random variable Vi, = essinf esssup I(?m (Sp) is
1 EDY  QeRy
called the upper guaranteed value.

Definitions of essinf and esssup with respect to a basic measure P can
be found in [7], [10], [17], [18].
Note that Vy is an Fj-measurable random variable.

Definition 6 The triplet (Q*, 7N, Vo):
J— * %N
Vo = IS’ T (So) - (3)

is a solution of the minimax problem (2); here the probability measure Q* is
called the worst-case measure, the strategy viN € DY is called the minimaz
strategy and together (Q*,fﬁN ) are referred to as the minimaz bistrategy.
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1.2. To solve problem (2) we use the stochastic version of dynamic
programming. So we define sequence of upper guaranteed values as follows.

Definition 7 A random variable

. N
V2 essinf esssup ftQ’%H (Sé) (4)

N N
V1€ QeRy

15 called the upper guaranteed value at a time t € Nj.

According to the definitions of essinf and esssup (see [10], [17]) V; is an
FP-measurable random variable. o

In this section, we give a recurrent relation for the sequence {Vt, FP } teNy”
Theorem 1 Suppose fx(S.) is an Fxy-measurable bounded random

variable. Then {Vt, ‘Fts}teNo satisfies the recurrent relation P-a.s.

YE€Dt+1 QeRy (5)

V, =essinf ess sup E® [VtHe_(%Ast“)\ftS] , 0<t<N,
Vt't:N — efN(So).

Corollary 1 Suppose, the assumptions of Theorem 1 are satisfied. Then
(1) for any t € N1 and Q € Ry, the following inequality holds P-a.s.:

Vier 2 essint B9 [Vie 09%|72, ()

ye€Dy

(2) for any t € Ny and v € Dy, the following inequality holds P-a.s.:

Vi1 < esssup EQ [Vte_(%ASt)\ftS_J . (7)
QeRN

1.3. Upper guaranteed value might be a priori estimated as follows.

Theorem 2 Suppose:
(1) conditions of Theorem 1 are satisfied;
(2) there exists constant co such that |fn(Se)| < co P-a.s.;
(3) Ry N My 7£ .
Than for any t € Ny the following inequalities hold P-a.s.

e <V, < e (8)

1.4. In this subsection we give a sufficient condition for the “outer”
essential infimum in (5) to be attained.
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Theorem 3 Suppose:
(1) the assumptions of Theorem 1 are satisfied;
(2) Ry N My 7£ .
Then there is a strategy {7, },en, € DY such that for any t € Ny, P-a.s.

V, = essinf esssup EQ {Vt+16_(77ASt+1)|_ES] = (9)

YED 41 QeRy

— esssup E® [Vtﬂe_(ﬁﬂ’ASt“”Ff] .
QeRN

Moreover, for any t € N1 and Q € Ry the following inequality is true:
Vi > EQ[Vie 09| 75 ] P—as. (10)
Remark 1 [t follows from Corollary 1 that for any t € Ny and Q € Ry,
V, > I3 () Q(P) — as.,
where v € DX, is defined by (9).

1.5. In this subsection we use Theorem 3 to obtain a condition for any
Fy-measurable bounded random variable to have a decomposition similar to
the optional decomposition [10], [17].

Theorem 4 Let {Vt,]:ts}teNo be defined by (5). Suppose, there exist a

strategy {7} hen, € DY satisfying (9) for any t € Ny. Then for any t € N,
and Q € Ry, the sequence

ACF 2 AV, — (v/,AS) >0, C;=0 Q- a.s., (11)

is Q-a.s. nondecreasing and the following decomposition holds for any Q €

§RN.'
N
fn(S)=mVo+ ) (7,A8) - Cyh Q- as. (12)

i=1

Remark 2 (1) IfY; £ esssup EQ[f|F]], where f is a Fy-measurable
QERNNM v
bounded random variable, then in [17] (see theorem on page 674), it is proved

that {Yt, ‘Fts}teNo is a supermartingale with respect to any Q € Ry N My
(2) According to [10] (see theorem 7.5 on page 330) the following
assertions are equivalent:
(i) {Y;, ‘Fts}teNo is a supermartingale with respect to any Q € Ry N My,
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(ii) there are nondecreasing sequence {Cjtien, and d-dimensional

predictable sequence {v} hen, such that Yy admits representation Yy = Yy +
t

> (v, AS;) — Cf P-a.s. This representation is called optional decomposition
i=1

or uniform Doob decomposition [5, 8, 9, 10, 12].

In contract to above mentioned works, Theorem /:

(i) does not require sequence {ln Vi, 'Fts}teNo to be a supermartingale with
respect to any Q € Ry N My, Ry N My # I,

(11) presents constructive method which allows construction of d-
dimensional predictable minimaz strategy ;N and nondecreasing sequence
{C; heny, t.e. components of optional decomposition (12);

We do not use results of [5, 8, 9, 10, 12] to prove Theorem 4.

(8) Theorem 4 implies the following inequality for any measure Q € Ry :

N
fn(8) <Vo+) (77,AS8) Q- as.

i=1
Thus if the sequence {St,}"ts}te% 15 a local martingale with respect
to a measure Q, then {1th,f§}teNo and {EQ [fN (Se) ]f'ﬂ }teNo are
supermartingales with respect to any Q € Ry .

(4) Condition Ry N My # & means that (1,S)-market in consideration
18 tncomplete.

1.6. Theorem below provides (formal) existence conditions for the worst-
case probability measure.

Theorem 5 Let& be any Fy-measurable P-a.s. bounded random variable.
Then the following is true:
(1) there exist
probability measure X on (2, F) such, that A > Q for any Q € Ry,
and
a set of non-negative F-measurable random variables { Xy}, -, with:
(i) B’ X}, =1, k > 1; (ii) sup EQ¢ = lim EAX¢;
Qe k— o0
(2) if {Xk}ys, i a weakly relatively compact sequence in L' (Q, F, ),
then there exists probability measure Q* on (€2, F):

sup EQ¢ = EY¢. (13)
QeRy
Remark 3 (1) Weakly relatively compactness condition for { Xy}, is
difficult to verify. Thus the theorem is non-usable. Still it allows us to consider
properties of problem (2) solution.
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(2) In contrast to [10], [17], theorem 5 provides sufficient conditions
for Lebesgue integral of bounded measurable random wvariable to attain it’s
supremum over the set of equivalent probability measures. Yet it is well
known [2], [16], that, as a rule, supremum is attained on finitely additive
measure. So, expectation is not defined and it is impossible to construct
solution for option’s pricing problem. That is why theorem & is critical for
our construction. Note, that [2], [16] present another non-usable conditions
for countable additivity of "extremal” measure.

(8) According to Dunford-Pettis theorem [10] requirement of theorem 5 for
{ Xk}, to be weakly relatively compact might be rewritten as requirement for
boundedness and uniform integrability in L' (0, F,X). Moreover, if { Xy},
is weakly closed and convex, then according to James theorem [10] weakly
relatively compactness condition for {Xy},~, is necessary and sufficient for
a Lebesque integral to attain supremum.

(4) Obuviously, if £(w) takes values in final set or in countable (or final)
union of compact sets, then: (i) there is w* € Q: £(w*) = sup; (ii) sup EQE is

wen QeR
attained on Q*: Q*({w*}) =1, Q*(Q\ w*) = 0.

1.7. Here we implement Theorems 3 and 5 to gain new recurrent relation
for the sequence of upper guaranteed values.

Theorem 6 Suppose, the assumptions of Theorems 3 and 5 are satisfied.
Then (Vt, ]-"ts)te]\[1 satisfies the recurrent relation Q*-a.s.

{ Vi, =E¥ [Vte_w’ASt”FtS—J 3 (14)

Vile—n = exp{fn (S.)}.

1.8. From Theorems 4 and 5 an important assertion follows.

Corollary 2 If (Vi, F),n.
for any t € Ny, decomposition (11) holds with respect to the measure Q*, i.e.,

satisfies the recurrent relation (14), then

AV, = (vi,AS;) — AC; Q" — a.s. (15)

1.9. In this subsection, we give a criterion for the probability measure Q*
to be the worst-case measure.

Definition 8 Let {ﬁt,FtS} be defined by formula

te Ny

Et Avtexp{Z(’ﬁJASi)} ) (16)

i=1
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where Vy satisfies recurrent relation (5) and {7} },cn, € DY is the minimaz
strategy defined by (9). The sequence {f,, F;'}
S-estimating one.

ren, 18 said to be an upper

Remark 4 It follows from Theorem 3 (equality (10)) that the upper
S-estimating sequence is a supermartingale with respect to any measure

Q € Ry.

Theorem 7 Suppose, the assumptions of Theorem 6 are satisfied. Then
the following conditions are equivalent:

(1) Q* is the worst-case probability distribution;

(2) equality (14) holds for any t € Ny;

(3) the upper S-estimating sequence {ﬁt,}"ts}
respect to the measure Q.

e, 18 0 martingale with

1.10. The main result of this section follows from Theorems 1-7.

Theorem 8 Suppose that the assumptions of Theorem 6 are satisfied.
Then there ezists a solution of minimaz problem (2).

§2 Minimax hedging of a European option in an incomplete
market

In this section, we use the results of Section 1 to link problem (2) and
the problem of European options’ pricing in incomplete markets without
transaction costs. We also give existence conditions for the minimal perfect
superhedging portfolio (Theorem 10). We use Theorem 6 to formulate the
following assertions: (1) the worst-case measure Q* is a martingale one
(Theorem 11); (2) for any bounded contingent claim, there exists an S-
representation [17] with respect to Q* (Theorem 12). Further, we state
that the worst-case measure Q* is discrete and does not belong to Ry
(Theorem 13). A (1,S)-market with respect to Q* is called the worst-
case complete market. The corresponding portfolio is called the minimaz
hedging one. Finally, we provide and prove a method for finding the price
of an European option in an incomplete market without transaction costs
(Theorem 15).

2.1. In this subsection, we recall some concepts of option pricing theory
(see [17], [10]); the economic interpretation can be found in [10].

2.1.1 Let { S, Fi},cn, be the d-dimensional adapted sequence defined in
Subsection 1.1.1. Suppose that this sequence describes the evolution of d
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risky assets’ prices [17]. We also suppose that there is a riskless asset [17]
with zero return and the initial price 1. This collection of assets is called
(1, 8)-market [17]. An Fy-measurable random variable fy (S,) is called a
European contingent claim with maturity N € N* [17]. Let {#:},.y, be an
F9-predictable one-dimensional sequence. Its elements can be interpreted [17]
as the quantity of a riskless asset. Let {v:},cy, be an FS-predictable d-
dimensional sequence introduced in Subsection 1.1.2. Note that such a
sequence is called a strategy. The ith (z = 1,_d) component of the vector
¢ represents [17] the quantity of the ith risky asset at a time ¢t € N;. The
sequence of pairs © = (@,fyt)teNo is called a portfolio. The capital of the
portfolio m at a time t € Ny [17] in the (1,5(1), . .,S(d))—market is an JFp-
measurable random variable X7 such that

X =B+ (S, %) - (17)
The portfolio 7 is a self-financing one [17] if for any ¢ € Ny, P-a.s.
Aﬂt + (St—17 A’yt) = 0. (18)

The set of all self-financing portfolios is denoted by SF'.

An adapted nondecreasing sequence C' £ {C’t, F? } s N such that Cy|i—g =
0 is called consumption [17]. The pair (7, C') is a portfolio with consumption
[17]. The capital of a portfolio with consumption (7, C') at a time t € Ny is
denoted by )?t(ﬂ) and defined by the formula

XF2XT—C, (19)

It follows from (17)—(19) that at any time t € Ny, the capital )A(t” of a self-
financing portfolio with consumption (7, C') admits the representation P-a.s.

t
XT=X3+> (3, A8) = Ch. (20)

1=1

2.1.2. A (1,5)-market is said to be arbitrage-free [17] if the
following condition holds for the capital of any portfolio # € SF: if
P(X% > 0/XJ =0) =1, then P (X% = 0|XJ =0) = 1. It is well known [17]
that if there is at least one martingale probability measure in a (1, S)-market,
then the market is arbitrage-free.

2.1.3. Recall [17], that an arbitrage-free (1,S)-market is complete with
respect to measure Q € Ry N My if for any bounded fy (S,) there is a
portfolio 7 € SF with the capital X% such that fy (S,) = X5 Q — a.s.
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Definition 9 /[17]. A one-dimensional martingale (O, .7-}(’1)756]\]0 is said

to admit an S-representation with respect to the d-dimensional martingale
(St,}"ts) and the measure Q € Ry N My if there is an F°-predictable

teN,
d-dimensional sequence {Vi},en, such that for anyt € Ny,
t ~
O, =00+ Y (1,AS) Q-as. (21)
i=1

The following assertion is well known (see [10], [17]).

Theorem 9 Suppose that Q € My N Ry (# D). Then the following
conditions are equivalent:

(1) (1, S)-market is complete;

(2) My N Ry = {Q};

(3) any local martingale (©y, F;)

respect to the measure Q e My NRy.

te N admits an S-representation with

That is why they say [10], [17], that an arbitrage-free (1,S)-market is
incomplete if My NRy| > 1.

2.1.4. Generally speaking, the above-defined (see Subsection 2.1.1) (1, .5)-
market is incomplete. Thus, there is a problem of selecting a measure with
respect to which one should calculate the price of an European option. As was
previously mentioned, we use the minimax approach to solve this problem.
This approach allows us to describe a (1, S)-market by means of the worst-
case probability distribution. There we will need results of Section 1.

2.1.5. A (1, S)-market is said to be non-redundant 10|, if for any ¢ € Ny
and Q € Ry (1, AS;) = 0 Q-a.s. implies Q-a.s. triviality for ;. Note, non-
redundant condition is not essential: one can fairly exclude "excessive" assets.

2.2. Now we give the definition of minimax superhedging portfolio with
consumption.

Definition 10 [17]. A self-financing portfolio with consumption (m,C)
in a (1,5)-market in the problem of European option pricing with contingent
clatm fy (Se) is said to be superhedging with consumption if fn (Ss) <
)/(\']7{, P—a.s.

Definition 11 [17]. A superhedging portfolio with consumption (mw,C')
is a perfect one if R
fn(Se) =Xy P—as. (22)
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Conditions for the existence of a perfect superhedging portfolio with
respect to a measure Q € My N Ry can be found in [17] (see Theorem 2,
p. 652) and in [10] (see Theorem 7.13, p. 335).

Definition 12 A perfect superhedging portfolio with consumption
(m*,C*) is the minimal one if for any other perfect superhedging portfolio
with consumption (w,C) and for any t € Ny, the inequality holds P-a.s.:

X< X (23)

In this subsection, we give conditions for the existence of the minimal
perfect superhedging portfolio with consumption. These conditions are based
on Theorem 4. Moreover, the assertion given below links problem (2) to
the problem of minimax perfect superhedging portfolio construction for a
European option in an incomplete (1, S)-market.

Theorem 10 Consider a (1,S)-market. Suppose that the assumptions of
Theorem 4 are satisfied. Then the minimal perfect superhedging portfolio with
consumption (%, C*) exists with respect to any Q € Ry, namely

(1) self-financing portfolio 7 = {Bf,7; },en,» where {7} }en, € DY is an
admissible predictable sequence satisfying (9), and {ﬁt*}tezvo 1s defined by

AB: + (St—la A’ﬁk) = 07
{ B¥lizo = B, (24)

one can choose 35 = InV (which can be obtained using (5)) and v; = 0; for
any t € Ny, the capital of the portfolio ™ can be represented as

X =8+ (75 Q-as (25)

(2) for any t € Ny and Q € Ry, the capital X7~ of the superhedging
portfolio with consumption (7*, C*) admits the representation

X7 =V, Q—as., (26)

where V; satisfies recurrent relation (5) and the consumption C7 at any
moment t € Ny admits the representation Q-a.s.

{ ACY :_('V ASy) — AXZT* > 0, (27)

*
t
Cffli=o = 0,

moreover, the following equalities hold
(a) X = XI — C; Q-a.s.,
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(b)
A . t
X[ =WVo+> (3,A8) - C; Q- as. (28)

=1

(8) (7*,C*) is a perfect superhedging portfolio with consumption, i.e.,
XT = fnv(S)) Q—as.; (29)

(4) (7*,C*) is the minimal perfect superhedging portfolio with
consumption.

Remark 5 It s difficult to apply Theorem 10 to calculate the price of an
FEuropean option in an incomplete market without transaction costs. Indeed,
it is necessary to solve recurrent relation (9). This implies the problem of
calculating the consumption {C}}, . -

2.3. Now we are going to consider some useful properties of solution
for problem (2). Let us start with martingale property for the worst-case
measure.

Theorem 11 Suppose the solution of problem (2) exists. Then Q* is a
martingale measure.

2.4. In this subsection, we give conditions for the existence of the S-
representation for any bounded contingent claim with respect to the measure
Q*. These conditions are based on Theorem 4.

Theorem 12 Fiz arbitrary Fy-measurable bounded contingent claim fy.
Suppose the solution of problem (2) for such fy exists. Then fn admits
representation with respect to the measure Q*

fn (S) =EY [fn (SO IF]+ D (05 AS) Q= as, (30)

=1

where {fy;‘,]:ts_l} is the d-dimensional predictable sequence satisfing (9).

teENT

Remark 6 (1) It is possible that Q* ¢ Ry. Thus, the well-known
Lemma 10 of [17] (see p. 611) and Lemma 5.3.9 of [10] don’t imply
Theorem 11. In Section 4, we use Theorems 4 and 6 to prove that the S-
representation exists.

(2) 1t follows from Corollary 2 and Theorem 12 that for any t € Ny,

{ Alnvt = (’)/Zk, ASt)

Vo =InVy, InVin = fn(S) Q —as. (31)
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The measure Q* is a martingale one. Hence formula (31) yields
InV,=EY [~ (Se) |.F(ﬂ Q" — a.s. (32)

(8) Formula (31) implies, that in non-redundant (1,5)-market {v; }ien,
is unique (i.e. if there is {Ji}en, satisfying (31), then 4 = v Q*-a.s. for
any t € Ny).

(4) For any t € Ny, the consumption C] is trivial with respect to the
measure Q*. Therefore, X7 = X[ Q*-a.s. Hence we conclude that the capital
of the portfolio m* € SF admits the representation Q*-a.s.

¢
X" =InVy+ Z (v, AS;) Q" —a.s (33)

i=1
at any moment t € Ny. Moreover,
X7 =EY [fn(So)|F] =V, Q — a.s. (34)
2.5.

Theorem 13 Suppose {1,S}-market is non-redundant and the solution
of problem (2) exists. Then there is worst-case probability measure such, that
reqular conditional probabilities Q* (-|.7:7f_1), t € Ny, are discreet and their
supports consist of d + 1 affine-independent predictable variables.

Remark 7 From Theorem 13 it follows, that in the case of non-redundant
market there exists such worst-case discreet measure Q*, that there is no
martingale probability measure Q: Q # Q* and Q ~ Q* (another contradicts
to affine-independence of support’s elements). There are two important
consequences: (1) Q* & Ry N My, thus Q* & Ry ; (2) QF specifies complete

market.

2.6. It follows from Theorems 11-13 and Remark 10 that the considered
(1,.5)-market can be identified with a complete market with respect to Q*.
This remark leads to the following definition.

Definition 13 Fiz F5-measurable bounded contingent claim fy. A non-
redundant (1,S)-market will be called the worst-case complete for fn if there
exist
a worst-case martingale probability measure Q*, such that conditions
Q € My and Q ~ Q* imply Q(A) = Q*(A) for any A € Fx., and
a portfolio 7* € SF
such that the following equality holds at the moment N :

Xy =fv Q —as.

Such a portfolio 7 is called a minimax hedging portfolio.
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Definition 13 and Theorems 10-13 imply the following assertion.

Theorem 14 Suppose the solution of problem (2) exists. Then the worst-
case complete market exists. Moreover, the capital of the minimax hedging
portfolio is equal to the capital of the minimal perfect superhedging portfolio
with Q*-a.s. trivial consumption

2.7. It follows from Theorem 10 that there exists a minimal perfect
superhedging portfolio with respect to any measure Q € Ry. However, this
result does not provide any method for constructing such a portfolio and its
capital. In this subsection, we give a general representation of the minimax
hedging portfolio and of its capital by use of Theorems 11-14.

Theorem 15 Let 7* € SF be the minimaz hedging portfolio. Suppose the
solution of problem (2) exists. Then:
(1) the minimaz hedging portfolio 7 admits the following representation.:
(i) for each t € Ny, there exists an F. ,-measurable d-dimensional ~;
such that
{ V,_1 = essinf EQ Wte_(%ASﬂ]?_J = E¥ [Vte_(ﬁ’ASﬂftS_J Q* — a.s.

’YGDt

Vileen = exp {fw (S0)};

(35)
(ii) for each t € Ny, there exists an Fp -measurable 3 such that
Bf =B = (0 Si)
Lo (30)

where B =1V and v; = 0;
(2) for each t € Ny, the capital XTI of 7" € SF admits the following
representations Q_*-a.s. :
(a) X" =InV,,
t —
(b) X = XF + > (v, AS), X% = fn(S,) Q*-a.5., X =InV, =
i=1
EQ [fn (Sa) 73]
Remark 8 The capital of the minimaz hedging portfolio is X7

EQ [fN (Se) |.7-"§]. The value XF s the upper bound of the spread for an
European option in an incomplete market.

§3. Proofs of Assertions 1-9
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3.1. Here we prove Theorem 1 and Corollary 1. To prove these assertions,
we make some preparatory notes.

3.1.1. Since Q € Ry is a measure, it follows from the Radon—Nikodym
theorem that there exists C?Qunique Fn-measurable positive random variable
ap (w).
the measure Q with respect to measure P. Suppose that Q; £ Q|7 and
P, 2 P|z. Obviously, for any t € N, the probability measures Q, and P,
are equivalent. Hance there exists a unique JF;-measurable positive random

A t

variable z; (w) = =P, (w) such that:
¢

(i) for any t € Ny, 0 < z; < o0 P-a.s,;

(11) if QO = P(), then Zt|t:O = 1,

(iii) for each t € Ny, EP(2|Fi_1) = 21 P-a.s. The variable 2 (w) is a
local density.

For any t € Ny, we let 7?[ denote the set of sequences {z!N, F¥'}
such that

zy such that zy (w) = The variable zy is called the density of

s€Np

L[ L oo<s<t,
T 2 t<s<A. (37)
2t

Let us denote z¥ £ {zHN}
It is clear that the sequence {ii’N }Se No is a martingale with respect to
the measure P and the filtration {F7}

The family of sets {Zﬁv } has the following properties (see [17]):
te Ny

()7, CZ C C 7
(2) for each t € Ny, a set Ziv is convex.
The reduction of the set 7? to {t1,...,t2}, where t; < ty and 1,13 € Ny,

is denoted by 72?, and its elements are denoted by Eﬁf
3.1.2. Consider the estimate of an admissible t-bistrategy (Q,’yﬁrl). It

sENy”

N
follows from the law of iterated expectations that ItQ (S satisfies the
recurrent relation Q-a.s.

187 (st) = B0 [120 (5571) e sz
Qs
I b (S0) li=n = exp {fn (S.)} -

As we know, Q, P € Ry. Therefore, it follows from the definition of the
estimate of an admissible ¢-bistrategy (Q,7;};) (denoted by ItQ T (SE)) and

(38)
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Girsanov’s theorem [18| that Q (P)-a.s.

ItQmNH (St) = EP [Eiv exp {fN (Se) — Z (’ViyASi)} ]:{g] - (39)

1=t+1

EN N
Let us also denote the right-hand side of equality (39) by Itp’ (S where
(N, ) € Z{v x DY . It follows from (38) and (39) that for any ¢t € Ny

N . PzN AN .
and (z),7}\,) € Z, x D}, the random variable I, ST (S satisfies the
recurrent relation P-a.s.

_N _N <N N
ItP,zt V41 (Sé) _ EP [Eiﬁ];itﬁ_lﬁt—ﬂ (Sé—l—l) 6—(fyt+1,ASt+1)|FtS ‘ (40)

QY1 [ ot _ PZY M [ a
For any t € Ny, we have I, (S§) = 1, (S§) P-a.s. Hence the random

variable V; admits the representation

J— EN N
Vi = essinf esssup ]tP’ s (S5) P-—as. (41)

N DN —N
Yer1€P¢ ZNeZ,

3.1.3. PROOF OF THEOREM 1. First we prove that for any ¢t € Ny,
the following inequality holds P-a.s.:

V, > essinf esssup EQ [V, qe” (02590 F5] (42)
1€Dt+1 QeRy

By definition,

Tf’vg“ (Sé) £ esssup I:’Eivﬁﬁl (Sé) ) (43)

— N
zNeZ,

. N
It follows from the definition of essential supremum that [/ f T (SE) is an

FP-measurable variable. The ]f satisfies recurrent relation (40).

Hence the properties of essential supremum and Girsanov’s theorem imply
the formulas P-a.s.

721];\]77{\-1-1 (St)
0

—PKYt]\.]H t P |=t,N P,Eﬁuﬁﬁ-z t+1\ — 1,AS: 11 S
I, (S5) =esssup E” |z 1) (SE1) e CranASir)| £S5 >

_N, N
zNeZ,

=N N
P |=t,N P21 t+1\ ,—(vt+1,ASt+1) | TS|
> esssup E [thItH (Sett) e |F7 | =
ZN1€Z04
_ EP Et’N ess su [Pﬁﬁlﬁi\iQ (St—l-l) 6—(7t+1,ASt+1)|fS _
= t+1 Pl 0 t | =

—_N N
Zi41€2 041

_ EP [ziﬂjf_gﬁ2 (Sé+1) e—(’YtJrl,AStJrl)lf;S] = (44)
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= B [T (s s 7]

Note that the left-hand side of (44) does not depend on the measure Q.
Hence, it follows from (44) that P-a.s.

_P7 N ) —_
I, Vi+1 (Sé> > e(SQS ;up EQ |7 [ t+’71t+2 (St-i-l) (7t+1»ASt+1)’FtS:| _
Ehn

This inequality can be sharpened as follows:

— N
If’%“ (Sé) > esssup EQ [ ess 1n1£ Itjjf“ (StH) ~(t1,A8041) fS] (45)

QeRy Viy2€DN

> essinf esssup EQ
Ye+1€D11 QeRy

Py

ess inf T (S5 e dSe)| B8 10 P —as,
eDN

W2 EDY

Applying the formula V., = ess inf Itjjf“ (S6™) to inequality (45), we
T 2€EDN o
obtain P-a.s.

. N
Ifa')’t+1 (Sp) > essinf esssup EQ [Vtﬂe*(%ﬂ,AStﬂ)U_—tS} _ (46)
Te+1€D1 QeRy

The right-hand side of (46) does not depend on ;41 € Dyy1. So (46) imply
(42).
Now let us show that for any t € Ny, the following inequality holds P-a.s.:

V, < essinf esssu EQ [V, e~ (1AS1) ]-'S 47
t Cep QeﬁRNp r 1 | } ( )

Since It SRk (Sé“) < Itff” (S5*1) P-as., it follows from Girsanov’s

theorem that for any 7/}, € D}, the inequalities hold P-a.s.

IP Zt 7'Yt+1 (St) < EQ [ t_;_'71t+2 (StJrl) —(vt+1,ASt+1) |f5i| (48)

< esssup EQ|T [ tff” (StH) _(%“’Ast“)]fts] )
QeRN
The right-hand side of (48) does not depend on Q. This implies that for any
v, € DY, the following inequality holds P-a.s.:
P

— N
I, i (Sé) < esssup EQ |T [ tff“ (StH) ~(t1,A5041) |]:S] (49)
QeRN
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— — N
Note that: (1) for any 7Y, € D;\,, we have V; < If’%“ (S§) P-a.s.; (2) it

follows from the definition of essential infimum that for any € > 0, there exists

—e,N —c
Ve = £ {’ys seft+1,..N} € D} |, where 7% is an F_;-measurable d-dimensional

vector ¥y (Whlch depends on ¢) such that for any ¢t € Vg,

75N

Vt>Im+1 (St)—g P —a.s.

Thus (49) can be rewritten as

J— —,N
Vi < [E’%H (St) < esssup E® tﬁt“’ (StH) _(’YtJrl,AStJrl)‘]:;S
QeRN
< esssup E® [(Vtﬂ + 5) 6—(%+1,A5t+1)|53} <
QeRn
< esssup EQ [V [_H— e~ 7t+laASt+1)|‘/—.'S:|
QeRN
+¢ esssup EQ [e_('YtJrlaAStH)‘f;S] ‘ (50)
QeRy

We consider the second term in the left-hand side of (50). As y441 € Dyyq,
we have for any t € Ny,

0 < esssup EQ [e”(r+0:85001)| F5] < o0,
QeRN

The constant € > 0 is arbitrary. Hence the following inequality holds for any
Yi+1 € Dt-l—l and t € Nli

V, < esssup EQ [VHle_(%“’Ast“HﬁS} . (51)
QeRN

As the left-hand side of (51) does not depend on ;.1 € Dy, 1, we obtain (47).
Inequalities (42), (47) imply recurrent relation (5). Obviously, V,|i—y =
efv(Se) This completes the proof of the theorem.
3.1.4. PROOF OF COROLLARY 1. (1) For any Q € Ry, we have

egs séRup EQ [Vte_(%ASt)LFf_J > EQ Wte_(%ASt)|FtS_J P—a.s.
ehn

Therefore for any t € Ny, v € D; and Q € Ry, the following inequality holds

essinf esssup E® (Ve ~nAS)| FS 1] > ess infEQ [Vie ~(n 88| S ]. P—as.
Y€D:  QeRy v€D:

The combination of (5) and of the last inequality implies (6).
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(2) The second inequality immediately follows from (5) and the definition
of essential supremum. This completes the proof of the corollary.
3.2. PROOF OF THEOREM 2. Let us prove that for any ¢t € Ny, we
have
Vi<e? P-as. (52)

We proceed by induction. It obviously follows from the conditions of
Theorem 2 that

Vilien < e,
To prove (52) it is necessary to show that if V;, < e, then V,_; < e for

any t € N;. Suppose that V; < e®. It follows from Corollary 1 that for any
v € D, we have P-a.s.

V,_1 = essinf ess sup EQ Wte—(%ASt)lﬂs_l] <
YE€ED:  QeRry

< esssup EQ [Vie (49| F5 .
QeRy
We can sharpen the last inequality because 0 € D;. We have P-a.s.

V-1 < esssup E® Wt|-7:ts—1] < e”.
QeRN

So, the main step of induction is proved, i.e., it is proved that (52) is true
for any t € V.
Now let us show that for any t € Ny,

Vi>e ™ P-as. (53)

We again proceed by induction, and it obviously follows from the conditions
of the theorem that B
Vilieny > e P—as.

Hence it is necessary to prove that if V;, > e, then V,_; > e~ for any
t € Ny. Suppose that V; > e, It follows from Corollary 1 that P-a.s.

V,_1 = essinf esssup EQ [V, e (25| F9 ] >
-1 = el Qe%RNp [_t | F; 1] >

> essinf EQ [Vte_(%ASﬂft{J > essinf EQ [e_cze_(V’ASt)|ft‘il} =
yEDy¢ yeDy

= e_CQegzli)r:f EQ [e_(7’ASt)|F£1} . (54)

We shall need the following notation. Let
Gq (t, S5 —7) 2 E® [exp {— (v, AS))} |F2 ]
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for any t € Ny, v € R% and Q € Ry. Gq (t, Sit, —7) is called the cumulant
of a random variable AS; with respect to a probability measure Q and the
o-algebra F; 1 (see [17], [18]).

Thence (54) can be rewritten as P-a.s.

Vi1 > e “essinf EQ [e_(%ASt)LES_l] = e “essinf eGQ(t’SfJ*l’_V), (55)

yeDy yeDy

where Q € Ry is arbitrary.

According to the conditions of the theorem, we have Rty N My # F. So
there exists a measure Q € Ry NMy such that for any v € D, the cumulant

satisfies the condition Gg (t,55"',—) > 0 and is a convex function of .
Hence it follows from (55) that

Vii1>e P-as.

Consequently, the main step of induction is proved. Also, (53) is proved for
any t € Nj. Thus the proof of item 2 of the lemma follows from (53) and
(54). The proof is complete.

3.3. To prove Theorem 3 we shall need two auxiliary assertions.

3.3.1.

Lemma 1 Suppose the following conditions are satisfied:

(1) Q € in N My;

(2) {Si}o<t<n is a sequence of d-dimensional variables, where for any
t € Ny variables AS,@ are linearly independent, i = 1,d;

(8) v is a nontrivial bounded d-dimensional vector.

Then it 1s Q-a.s. true that

Q ((%, AS;) > 0|‘7:t{1> >0, Q ((”Yt, AS;) < 0|ft€1) > 0. (56)

PrROOF OF LEMMA 1. According to conditions of the Lemma
the measure Q is a martingale one. Therefore for any 7 € R? we
have inequality 1 < eXp{GQ (t, S(t)_l,—'yg)} = ES [6_(%’A5t)|ft_1} Q-a.s.,
where Gg (t,Séfl, —71{) is a cumulant with respect to the measure Q. A
cumulant Gq is a convex eigenfunction. So, there exists v, € R¢ such that
exp {GQ (t,Sé_l, —’yt)} > 1 Q-a.s.

Note that Q-a.s.

e~ (1,A5:) — o—(11,A8:) [1{(%,Ast)<o} T 1{(%,Ast)zo}} <
< 6_(%’A5t)1{(7t»ﬁst)<0} + L.

Thus, 1 < E® [1 + e_(%’ASt)l{(%AgtKO}|]-'t_1} Q-a.s., which can be rewritten
as follows Q-a.s.

0 < EX [em 010, asy<op|Fea] - (57)
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Let us define Q(A) £ EQ1 4 (w) exp {% [—(%a AS;) = Gq (4, So s _%)] }’

i=1
where A € ff, is arbitrary. Obviously, Q ~ Q. Then due to Girsanov’s
theorem inequality (57) takes the form Q-a.s.

0 <exp {GQ (t’ Séil’ _%)} l;:‘Q [1{(%,A5t)<0}|ft—1} -
= exp {GQ (t, Sé_l, —"}/t)} Q [(’)/t, ASt) < 0|.Ft_1] .

It means that 0 < Q[(7:, AS;) < 0|F;_1] Q-a.s. As measures Q and Q are
equivalent, we have 0 < Q[(y, AS;) < 0|F—1] Q-a.s.

The same reasoning proves, that 0 < Q[(vy;, AS;) > 0|F;_1] Q-a.s. The
proof is complete.

3.3.2.

Remark 9 (1) Condition (2) of Lemma 1 is not a crucial one. Indeed,
suppose that for some moment t' € N; wvariables ASS), i = 1,d, are not
independent and conditional probability Q ((%, ASy) = O|.7-}7q_1) =1 Q-a.s.
As Ay is arbitrary, we have ASy = 0 Q-a.s. Obviously, the last equality means
that 3 = F5_, and Vy = Vy_1 Q-a.s. Hence moment t' might be skipped.
(2) Suppose the assumptions of Lemma 1 are satisfied and 7, =

Tt where v is a montrivial bounded d-dimensional predictable vector.

el
Then any Q € Ry N My has reqular version of conditional distribution

Q ((, AS;) < x| F2,). This and (56) means that for any t € Ny there are
positive constants cs and ¢y such that Q-a.s.

Q (_(’%h ASt) Z C3|7t|}ﬂ€1) 2 Cq > 0 (58)
3.3.3. Let us denote

d(t,v,w) £ esssup EQ [Vte_(%ASt)LFtS_l] : (59)
QeRy

where t € Ny, v € D; are arbitrary.

Lemma 2 Suppose the assumptions of Theorem 2 are satisfied. Then for
any t € Ny the following assertions are true:
(1) there are positive constants cs and cq such that Q-a.s.

CI)(t7 v CU) > c3eC4|7|_62; (60)

(2) there is version of the function ®(t,~v,w) such that for any w € Q this
version is convexr continuous function of 7.
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PROOF OF LEMMA 2. (1) From (59), Corollary 1 and Theorem 2 it

follows that for any v € D;,; and Q € Ry N My the following inequalities
hold Q-a.s.

q)(t,’)/,w) > EQ [Vt+1€—(7,ASt+1)|JT_;tS} > 2 EQ [6—(7,A5t+1)|‘/’_'tS} >
> e #EQ [e” OB as e | F] > (61)
> es1m2Q (= (v, ASp1) > esy|| FY) -

Inequality (60) follows from (61) and (58) (see Remark 9).

(2) From (59), Corollary 1, Theorem 2, properties of essential supremum
and because e~ ("% is convex it follows that for any t € N; the following
inequality is true P-a.s.

(I)(t>7a7w> < ozCI)(t,fyl,w) + (1 o Oé)(I)(t, '72;("})7 (62)

where a € [0,1], v* = avy; + (1 — @)v2, 71,72 € Dy.

Obviously, ®(¢,v,w) is B(R?) ® F-measurable random variable and is
finite P-a.s. for any v € D;.

Let us denote: (i) LY, = L' (R¥, B (R%), P) is normed space of P-a.s.
finite random variables;

(ii) £ £ £ (R", B (Rdt)) is normed space of measurable functions with
uniform norm.

Suppose reflection p; : L, — £7° is lifting [15], i.e. if ¢, € LY then:

(i) pe(pr) = 1 P-as;

(ii) if ¢¢(w) = 0 P-a.s. then for any w we have p;(¢p¢(w)) = 0;

(iii) p (Lygary(w)) = Lygary (w).

It is well known [15] that: (i) in this case lifting exists, (ii) ||p¢|| = 1 and
P? = Pt

Obviously, for any ¢t € N; and v € D; we have ®(t,v,w) € L. and
pe (P(t,v,w)) € £°. So, from (60) it follows that for any (¢,w) function
pt (P(t,v,w)) is convex non-negative function of 7. Consequently, for any
(t,w) it is continuous function of . The proof is complete.

3.34. PROOF OF THEOREM 3. From (58) (see Remark 9) and
Lemma 2 it follows that:

(1) for each ¢t and w function ®(¢,v,w) is a B (Rd)—measurable function
of v and

lim ®(t,v,w) =0 P-as; (63)
7|00

(2) for each t and « function ®(¢,~,w) is F°-measurable.

Note that from definition of essential infimum, Theorems 1, 2 and
definition of the sequence {®(t,v,w)},cy, it follows that there is minimizing
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sequence {%(i)1}k21 such that P-a.s.
e~ <V,= essinf esssup EQ [Vtﬂe_(%“’Ast“)U:ﬂ =
Yt+1€Dt+1  QeRy

: = —(.as
= lim esssup EQ |V e (% t“)]FtS < e,
k—o0 QeRN

(64)

We will prove Theorem 3 by contradiction. According to (64) this means
that there is no F; -measurable finite d-dimensional vector ~;,; such that (9)
is true. Consequently,

lim |73 = oo. (65)

Taking into account (64) and (63) we get P-a.s.

— ) Q |77 —(W(M ASt+1) S
e? >V, = lim esssup E¥ |V e \'*HV \Fr | =
k—oo QeRn (66)

: . (k)
= lim @(t,yt(_l?l,w) > lim cyelml—e = oo,
k—o00 k—o00
It is a contradiction, which means that our assumption (65) is wrong.
That is why from {fyt(i)l} k>1 it is possible to pick out converging subsequence

{’Vt(ﬁll)}lzl such that

* . k
Ve+1 = lliglo 'Yt(+11)- (67)
Obviously, 7/, is a FP-measurable d-dimensional vector. Indeed, suppose

B C R? is an open sphere. For any ¢ and w it is true that ®(¢,v,w) is
continuous function of v. So, we have

{vveBt= |J () {2tqw) <o(td w},

q€Q4NB ¢'€Q\B

where Q7 is a space of d-dimensional vectors whose components are rational
numbers.

Let us prove that v/, € D;1;. From Corollary 1, Theorem 2, Lemma 2
and the Fatou Lemma it follows that P-a.s.

l—o0

_ _ (kp)
e >V, > lim B9 | Vppe (0 ’Ast“)ms} >
Z EQ [thtle_(ﬁJrl’ASHl”ftS} Z e 2 EQ {e—('y;‘+1,ASt+1)|]:tS] )

From these inequalities it immediately follows that

e?2 > esssup EQ [e_(ﬁﬂ’ASt“) |fts]. The proof is complete.
QeRN
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34. PROOF OF THEOREM 4. From Theorem 3 we obtain formula
(10) for any ¢t € N; and Q € Ry. The measures Q and P are equivalent.
Therefore, recalling the remarks of Subsection 3.1.1 and using Girsanov’s
theorem, we rewrite (10) as P-a.s.

Vioy > EQ [V, 0P8I FS | = BF | ZLVie 0RAS0|ES | (68)
Zt—1

dQy

where 2z, = P, (w).

Let {g:},cn, be a sequence of random variables such that g; is an
arbitrary J;”-measurable bounded random variable and {z, 7} } ren, admits
the representation

Gt

B lFry) T o

2t = Zt—1

Obviously, {2:},cy, € 73] and for any t € Ny, the random variable z; is
FS-measurable and 0 < z; < co P-a.s. Therefore, combining (68) with (69),
we obtain

Vi E° [Qt’}ﬁl} > E° [gtvte_(ﬁ’ASt)‘]iil] P —a.s.

Hence, we have

% .
0>EP |:gt <_—t e~ (A5 _ 1> i 11 P—a.s. (70)

Since
exp{AInV,— (1{,AS)} —1—[AlnV; — (7,,AS)] >0 P—as.,
from (70) we obtain the inequalities P-a.s.

0> EP {gt [GAlnvt—w,ASt) —1— (AlnV,— (7/,AS)) + AlnV,—

— (7, ASONF L =2 B {g [AV, = (0, AS) ] [FEL }
Since ¢, is arbitrary, we have P-a.s.
~AC; & AV, — (vf,AS;) <0. (71)

It follows from (71) that the F7-measurable random variable AC} defined
by (11) exists for any ¢t € N;. It follows from (71) that for any ¢ € Ny, we
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have AC} > 0 P-a.s. Hence, C; > C} P-a.s. for any ¢t > s. It follows from
(11) and our remark that P-a.s.

N

Cy o = Z => [, A8) - AmV,] = (72)
>

=1

(v, AS) —InV iy +InVy.

=1

As InVy = fn (S.) from the last equality we obtain (12). This completes
the proof of the theorem.

3.5. PROOF OF THEOREM 5. According to theorem’s conditions &
is P-a.s. bounded, so for any Q € 9y expectation EQ¢ is also bounded,

consequently, sup E®¢ is finite. Thus there is sequence {Qk}k>1 with Qx €
QeRN

Ry for any k > 1 such, that sup ER¢ = hm EQx¢.
QeRN

For any A € F let us define A\(A) £ E Q) Obviously, ) is a probability

measure and Q; < A for any £ > 1. Hence for any k£ > 1 there exists random
variable 0 < X, £ dQ’“ called density of Q; with respect to A, E*X}, = 1 [18].
Then EQ+¢ = EAka, k> 1.

Suppose {Xj},>, is weakly relatively compact in L' (Q, F,\). In that
case the theorem of Eberlein-Smulian |3| guarantees existence of subsequence
{Xk,.},,>; With weak limit in topology of L' (€, F, ), i.e. there exists X €
LY (Q, F, \) such, that for any Y € L>(Q, F, \):

lim E*X,, Y = E*XY. (73)

m—0o0

We define Q*(A) £ E*X 14y, A € F. Equality (73) holds true for P-a.s.
bounded &, that is why

lim E*X), € = EF*X¢=EY¢ = lim EQmg, (74)

m—0oQ m—0o0

As {EQkf}k>1 has a limit, so {EkaE}m>1 has the same limit. Thus we have

sup EQ¢ = lim EQ¢ = lim EQmé = EXE. (75)

QEERN m—00

The proof is complete.
3.6. In this subsection, we prove Theorem 6.
3.6.1. To prove Theorem 6, we need the following lemma.
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Lemma 3 Suppose that the assumptions of Theorem 4 are satisfied. Then
the following assertions are true:

(1) N
0 <exp {fN (S =Y (. ASi)} <e? P—as; (76)

i=1
(2) for any t € Ny,

0< Ve A8 < g2 P —a.s. (77)

PROOF OF LEMMA 3. (1) We first prove (76). From (12) we obtain

Ve O~ = exp {fN (Se) — Z (7, ASZ-)} Q — a.s. (78)

i=1

As e <Vy<e?and Cf > 0 Q-as., (76) follows from (78).
(2) Let us prove inequality (77). The left inequality in (77) is obvious.
So we have to prove right inequality in (77). From (11) it follows that

%6_(7?’Ast)+AC? = 1 Q-a.s. for any t € N; and Q € Ry. We know that

ACY > 0 Q-a.s. So, from the last equality it follows that Ve (HAS) <V,
Q-a.s. That is why from Theorem 2 the right inequality in (77) follows. The
proof is complete.

3.6.2. PROOF OF THEOREM 6. Now let us prove equality (14). Let

& (W) = 1 Ve~ 00A5)

where 7,_; is an fts_ ;-measurable bounded random variable, (Vt,f'ts) +eNg

satisfies recurrent relation (5) and (v;, 7, ) ren, 1s defined by (9). It follows
from _the second assertion of Lemma 3 that for any ¢ € Nj, the V,
and V,e~0i45) are F° measurable bounded random variables. Consider

sup EQ,_1V,e~0525)  On the one hand, the properties of the essential
QeRn

supremum and the conditional expectation EQ [e|F; ;] and also Theorem 3
imply that

sup EQn_ Ve 0625 = qup EQ,_,EQ Wte_(#’ASt”ftS—J =
QeRyn QeRN

= sup E9n,_; esssup EQ [Vte_(ﬁ’Ast”fts_J = sup EQn,_1V,_;. (79)
QeRn QeRN QeRry
Further, taking (75) into account, we obtain the following equalities

sup EQ77t—1Vt—1 = EQ*nt—lvt—lv (80)
QeRy
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sup E9n,_q esssup EQ [Vte_(V;’ASt)]ff,l} = (81)
QeRy QeRN

= E¥ {Th—1 ess sup EQ Wte_(V?’ASt”FtS_J } .
QeRy

Since the random variable n;_; is arbitrary, it follows from (79), (80), and

(81) that for any ¢t € Ny,

Vi1 = esssup EQ [V,e 0029 F ] Q* —as. (82)
QeRN

On the other hand, (74)-(75) and the properties of the conditional
expectation imply the equalities

T —(~F . (n) — s
sup EQT]t_1Vt€ (A8 — 1im EQ N1 Ve (v, AS) _
QeR N n—00

a5 4Q™
)

— B Ve 00850y () = B TVye 000850 — (33
By B [V 08| FS ]
Using (79), (80) and (83), we obtain

= lim E*p_1 Ve (w) =
n—oo

EVmo1 Vi = E¥n EY Wte_w’ASt”fts_J : (84)
As ;1 is arbitrary, taking (84) into account, we obtain, for any ¢ € Ny,
Vi1 =EY [Vte*w’ASt”ftS_J Q" — a.s. (85)

Obviously, V|i—x = exp{fx (S.)}. This and recurrent relation (85) imply
equality for any t € N;

N

Vi=EY [eXp{fN (S)— 2 w;:ASi)}Iff] = 7R (S Q@ —as.

i=t+1

Thus, equality (3) is proved. So, there are the worst-case measure Q* and
the minimax strategy {7, }icn, , i.e. there exists the minimax bistrategy
(Q*, ). The proof is complete.

3.7. PROOF OF COROLLARY 2. For convenience of presentation let
us denote Gy £ {w € Q: AlnV,(w) = (7, AS)(w) — AC; (w) }. Obviously,
G is a FP-measurable set. From the proof of Theorem 5 it follows that there
are sequence {Q™},>1, Q™ € Ry, and probability measure Q* such that
for any A € Fx we have Q*(4) = nh_)nolo Q™ (A). According to Theorem 4
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QM (G,) =1 for any n > 1. Hence Q*(G;) = lim Q™ (G,) = 1. The proof is

n—oo
complete.

3.8. PROOF OF THEOREM 7. (1) Suppose that assertion (1) holds.
Let us prove assertion (2). Let Q* be the worst-case probability distribution.
We must prove equality (14). Let us assume the converse, i.e., suppose that
there is t € N; such that the following inequality holds:

Q {Vio1 > EY [V,e 025 F5 11 > 0.

_ * %N
Therefore, V; > ItQ 7R (SE). This means that Q* is not the worst-case
measure. This contradiction proves the assertion.

(2) Suppose that assertion (2) holds. Let us prove assertion (3). Let us
t—1

multiply both sides of (14) by exp {— > (v, ASi)}. Taking the definition
i=1

of the sequence {ﬁt,}"ts } N into account and using the properties of the
conditional expectations, we conclude that

t—1
Hy1 = Virexp { NG As»} -

1=1

¢
Viexp { Z (7 AS@')} |]:tSl] = EY [ﬁt'fts—l} Q—as.

— E¥

i=1

It follows from Lemma 3 and Theorem 3 that ER" i, < co. Hence, the sequence
{x,, ]:ts}teNo is a martingale with respect to Q*.

(3) Suppose that (3) holds. Let us prove (1). It follows from the definition
of the S-estimating sequence {Et, FP } and the assumptions of the
theorem that Q*-a.s.

N
(a) Fiy = exp {fN COMPIE ASZ-)};
(b) iy = Vo = essinf esssup ISM{V (S0);

’Y{VED{V QeRN
(c) {F, ftS}teNo is a martingale with respect to Q.

tENy

Therefore, we have (14) which implies

_ * %N
V=1 " (8) Q —as. (36)
By Remark 4 for any ¢t € Ny and for any measure Q € Ry, we have

f, > EQ [ﬁt+1|fts} Q—as. (87)
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Hence, it follows from (10), (86), (87), Remark 1 and recurrent relation (38)
that for any t € Ny and Q € Ry, we have

Q* 7N

I (Sé) = Vt > EQ [Vt_i_l@_(ﬁﬂaﬁstﬂ)'fts] >

* N * * N
> EQ [Iﬁﬁf“ (Seth) e_(7t+1’ASt+1)|]—"tS} = [ (S5) Q —aus.

Thus, the Q* is the worst-case measure. This completes the proof of
Theorem 7.

3.9. PROOF OF THEOREM 8. The proof follows from the
Assertions 1-7.

§4. Proofs of Theorems 13—20

4.1. In this subsection, we prove Theorem 10, which establishes the
relationship between problem (2) and the problem of an European option
pricing in an incomplete (1, SW, ..., S@)-market.

4.1.1. PROOF OF THEOREM 10. It follows from Theorem 3 that
there is a strategy {7 },cn, € D7 satisfying (9). Therefore, by (18), for each
t € Ny, there is a predictable sequence {3} },.y, such that

ABf = — (St—l, A%;,k) ) ﬁﬂtzo = f. (88)

The value of 3; will be found later. So, we have just constructed a self-
financing portfolio 7* = (8}, 7}),cn, Therefore, according to (17), for any
t € Ny, the capital X[ of the portfolio 7* is defined by the formula

X7 =B+ (.5 (89)
Hence, for any ¢t € Ny, the following equality holds Q-a.s.:
AXF 2 XF - XF, = A+ A (] S). (90)
Combining (90) with (88), we obtain
AXT = (vi,AS) Q—as. (91)
Theorem 4 (see (11)) yields that for each t € Ny,
(v, AS) = AlnV, + AC; Q—aus., (92)

where (C}, F),cp, is such that
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(i) G5 =0;
(i) for each t € Ny and Q € Ry, the inequality ACy > 0 holds Q-a.s.
Combining (91) with (92), we obtain

AXT —InV,—C;) =0 Q—as.
The last equality yields for any t € Nj,
X" -V, —Cr =X —InVy—Ci Q—as. (93)
Let ) o
Xy =InVy Q—as. (94)

Then, it follows from (93), (94) and equality C§ = 0 that for any ¢ € Ny and
Q € Ry, o

X" —Cr=lnV, Q—as. (95)
Since (C’;“,fts)teNO

from (19) that )?f " = X[ — C7 is the capital of the self-financing portfolio
7* with consumption C; at time ¢ € Ny. Also, from (95) we conclude that

is a nondecreasing sequence such that Cj = 0, it follows

)?f " = InV, is the capital of the self-financing portfolio with consumption
(7*,C*). As XJ" = InV,, without loss of generality, we can assume that
Bi =InVy and g = 0.

It follows from Theorem 4 (see (11)) that X’}{[ =InVy = fn (S,) Qas.
with respect to any measure Q € Ry. Hence, we have

N
fu(S)=mVy=WVo+) (y,A8)-Ci Q—as.

t=1

So, the self-financing portfolio with consumption (7*,C*) is a perfect
superhedging portfolio with consumption.

It remains to prove that (7*,C*) is the minimal perfect superhedging
portfolio with consumption. To prove this, we need the following lemma.

4.1.2.

Lemma 4 Let fy (S.) be a bounded Fy-measurable contingent claim, and
let (m*,C*) be the perfect superhedging portfolio with consumption defined by
(9), (11), and (18). We assume that (7, C') is any other perfect superhedging
portfolio with consumption, i.e., (mw,C) # (7*,C*). Then for any t € Ny and
Q € Ry, the following inequality holds Q-a.s.:

1> exp {)/(\'f — )/(\'ZT} . (96)
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PROOFOF LEMM A 4. It follows from Theorem 4 and the assumptions
of the lemma that the contingent claim admits the following representations
with respect to any measure Q € Ry:

N
fn(Se) = XI+ > (,AS) — (Ch—Cr) =

1=to+1
R N
= XZ:) + Z (’}/Z,ASZ) — (CN — Cto) Q — a.s.,
i=to+1

where ¢y € Ny is arbitrary. Hence, we have the following equality with respect
to any measure Q € Ry:

N N
XZB* o XZB o Z ACT = Z (Vi — i, AS;) — (97)
i=to+1 i=to+1

—(Cy —Cy) Q—as.
Since Cy — Cy, > 0 Q-a.s., it follows from (97) that

N N
X=X = > ACT < Y (i—7.AS) Q-as. (98)
i=to+1 i=to+1

For any t € {to + 1,..., N} the capital of the perfect superhedging portfolio
with consumption (7%, C*) allows the representation X = InV; Q-a.s. So,
use of (14) obtains

AXT = (77, AS) — ACF Q —as.
Therefore, combining (98) with the last equality, we have

N
X -Xr+ Y [A)?gf* — (v, ASZ-)} <0 Q- as

1=to+1

Hence, it obviously follows that
A~ A~ N A~
exp {X;;* X+ Y [AXZT* - (%,ASZ-)]} <1 Q-as (99

Now let us calculate the conditional expectation EQ [e|F7] of the random
variables at both sides of (99) with respect to any Q € Ry. Recall that
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)A(ZB =InV,, X% = fy (S.). Using (1), we obtain the inequality Q-a.s.

- N
1 > exp {Xt’g — XZ;} EQ exp {X}{: — lnvto — Z (’Yi,Asi)} ff;] =
L 1=to+1
exp )A(ZB — )?Zg i N
— { _ }EQ exp § fn (Se) — Z (73, AS;) Ifi?l =

Vi i=to+1

mev_H t
Tt T Ito ’ (SOO>

= exp {Xto —Xto} % .
to

As the left-hand side of the last inequality does not depend on Q € Ry,
for each Y, € D}, |, we obtain the inequality

Q?’Yt]\of.l,-l to
esssup I, (5%)
QeRy

1> exp { X7 - X7} Q- as. (100)

Vio

In turn, inequality (100) implies that for any ¢ € Ny and Q € Ry, the
following inequality holds Q-a.s.:

: QW%H to
essinf esssup [ (S3°)
7%4—161)%4-1 QeRN

Vi

1Zexp{)?g)*—)?g} :exp{)?gg*—)?t’;}.
This completes the proof of the lemma.
4.1.3. Here we complete the proof of Theorem 10. Now let us prove that
a perfect superhedging portfolio with consumption (7*, C*) is the minimal
one. We assume the opposite, i.e., we assume that there is a moment ¢y € Ny,
a measure Q € Ry, and a perfect superhedging portfolio with consumption

(7, C) such that Q ()A(t(:) > X’t(:)) > 0. On the other hand, (96) implies
that Q ()?t(gf) > )?t(gr)) = 0. This contradiction proves that the perfect

superhedging portfolio with consumption (7*, C*) is the minimal one. The
theorem is proved.

42. PROOF OF THEOREM 11. (1) It follows from Corollary 1 and
Theorem 6 that for any v € D;, the following inequality holds Q*-a.s.:

Vi < esssup ES [Viem 09|77, = (101)
QeRN

= EQ* [Vte—(’y,ASt)’FtS_J .
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Suppose that v = v/ + h7,, where h € (0,1] is arbitrary and 7, is an F; -
measurable vector. Without loss of generality, we can assume that [7,| < 1.
Then (101) yields the inequality Q*-a.s.

V., < E¥ [Vte—(vz‘,Ast)e—h(%ASt)| 7 = (102)

= V,E¥ [exp {Alnvt - (v, ASt)} e_h(%ASt)LES,J )
It follows from Corollary 2 that
AV, — (v, AS) = —AC <0 Q" —as..
Therefore, (102) can be sharpened as follows Q*-a.s.

1 < EY [exp{-AC; = h(7,,A8)} |FL,] < (103)

EQ* |:6—h(7t,ASt)|ft5;1:| )

IA A

Using the Newton-Leibniz formula, we can rewrite (103) for any h € (0, 1]
as

h

1 _
0 < EQ E/%a“”w“”dﬂﬂﬁ = (104)
0

h
. 1 -
= —EY (7. 48) 5 / e A G| FY | QT - aus.
0

Passing to the limit as A — 0 and using Fatou’s lemma, we obtain Q*-a.s.

Vv

0 = ImE* | (7, AS)

SRS

h
/ e_u(it’ASt)du|ES;1
0

h
e L[ e s o
> B (7 A8ty [ eSS | — B [(7,48) 7S]
0

Since 7, is arbitrary, we obtain
EY [AS|FL] =0 Q —as.

Therefore, the sequence {S;, i}, N, 18 a local martingale with respect to the
measure Q*. Thus, Q* is a martingale measure. This completes the proof of
the theorem.
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4.3. PROOF OF THEOREM 12. On the one hand, Corollary 2 implies
that for any ¢ € Ny, the probability Q* {AC; > 0} = 1. Therefore, for any
t € Ny, we have

1—e 2% >0 Q" —as. (105)
On the other hand, Theorem 6 and (14) imply that for any ¢ € Ny, we have
E¥ [1—e 2% |F,] =0 Q —as. (106)

Combining (105) and (106), we obtain that for any ¢ € Ny,
ACF =0 Q" —as. (107)

Since C§ = 0, equality (107) implies that for any ¢ € Ny, the probability
Q {C;=0}=1.

Let us prove (30). From Theorem 4 (see(11)) and (107) it follows that for
any t € N1, we have Q*-a.s.

Alnvt = (’}/:, ASt) .

We sum up last equalities gives Q*-a.s. for all t =0,...,k < N:

k
Vi=lVo+ (7, AS) (108)

=1

In particular, as In V, |,y = fn (S.), we have Q*-a.s.

N
Vilen = fx (Se) =InVo+ > (77, AS)) (109)

i=1

Let us calculate the conditional expectation EQ [e|F5] for both sides of
(109). The measure Q* is a martingale measure. Hence we have

InVo=EY [fn(S.) 7]
This and (109) imply (30). This completes the proof.

Remark 10 Suppose martingale Vi, Foien, admits

decomposition (108) with respect to measure Q* belonging to closure of

a set Ry (in the topology of weak convergence for probability measures). It

easy to see, that triplet (Q*,WI‘N,VO) is a solution of problem (2). Indeed,
N

(109) is equal to: nVy = fy — > (7F,AS;)) QF — a.s. Take exponent and,
i=1

after that, conditional expectation EX [-|F5]. So, we have (3) from the

definition of the solution for the problem (2).
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4.4.

Remark 11 Let us consider (2, F,P) and the set of equivalent (to P)
probability measures R. Then Dirak measure for any w € € belonging to
support of P belongs also to the closure of R. Indeed, if support of Q, is
a closed neighborhood of & with radius % and {aptn<i: o > 0, oy T 1
while n — oo, then Q, = a,Q, + (1 — a,)Q belong to R for any n > 1
and converges weakly to Dirak measure of & (i.e. E®"g(w) — g(@) for any
bounded continuous g ).

PROOF OF THEOREM 13. Suppose there exists solution of
problem (2), namely, triplet (Q*, o ,VO). It is worth to mention, that non-
redundance of initial (1,S)-market (with respect to P) guarantees, that it
will be non-redundant with respect to the worst-case measure Q* (might
be proved similarly to Corollary 2). Hence, for any ¢t € Ny, the support of
regular martingale conditional probability Q* [-|ft5 } consists of at least d+ 1
elements. If the supports above consist of d + 1 each, we have assertion of
the Theorem.

Else, let us consider discreet function of sets Q specified by:

(1) equality Qo(A) £ Q*(A) for any A € F5:

(2) set of variables {AZy;, Dt j}een, 1<j<dat1, Where (i) for any ¢ € N,
elements of the set {AZ;;}ien,1<j<d+1 are an affine-independent Fo -
measurable random variables belonging to the support of regular conditional
probability Q* [-|F?,] (if specified by Q) such, that for any ¢ € N; the
following system (with respect to d-dimensional v and 1-dimensional z) is
incompatible:

(AZyj,y) > —2,—2>0 1<j<d+1,; (110)

(such a set exists because: (a) support of Q* [-|F;°] has a full basis; (b) if the
system for j € {1,...,d} is compatible, then Lemma 1 guarantees existence
of such AZ; 441, that (AZy441,7) <0).

(ii) for any t € Ny elements of the set {p; ; hen, 1<j<a+1 are defined as the
only solution for the problem:

d+1
D hiDiy =0, > p=1. (111)
Jj=1 i>1

Note, that from the theory for systems of linear equations it is known [14],
that system (111) has non-negative solution, if and only if (110) is
incompatible.



Mathematical model of European option pricing in incomplete market without transaction costs (discrete time). Part I.

43

Thus, pr; 2 Q(AS; = Aw,|FE,), t € Ny, j = 1,...,d + 1. Note,
that constructed measure Q belongs to close of My in topology of weak
convergence of probability measures (see Remark 11).

As {AZ}eni1<j<a+1 18 a subset of the support for regular
conditional worst-case probability Q* [-|F,], t € Ni, so (7}, Ady;) =
hlvt(SO, ceey St—b St—l + Ai’t,j)a j == 1, ,d+ 1.

Now, according to Remark 10 triplet (Q,vi‘N,%) is a solution for

problem (2) in non-redundant (1,S5)-market, where regular conditional
probabilities Q (-|Ff_1), t € Ny, are discreet and their supports consist of
d + 1 affine-independent predictable variables.

4.5.PROOFOF THEOREMS 14 AND 15. The assertions follow from
Theorems 10-13.
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B crarke nocTpoeHa Moziesnb IeHO00pa30BaHus Il EBPOIEICKOro ONioHa HAa MHOTOMEPHOM
HETOJIHOM pBIHKE 0€3 TpaH3aKLMOHHBIX U3JEPKEK C AUCKPETHBIM BpemeHeM.C Hadaja pac-
CMOTPEHA BCIIOMOTATEeIbHAs 3a/1a4a 10 HAXOXKACHUIO BEPXHETO rapaHTUPOBAHHOIO 3HAYCHUS
0KU/1a€MOT'0 3HAYEHMsI PUCKa, IKCTIOHEHIIMAIBHO 3aBUCSALIETo OT Jedununra kanurana. Bepx-
Hee TapaHTHUPOBaHHOE 3HaYCHHE MPEACTaBIsAeT CO00H MUHMMAKCHOE 3HAYEHHE 0XKMIAeMOT0
pucka. [lepBoii OepeTcst BepXHssi I'paHb 10 MHOKECTBY SKBUBAJIEHTHBIX BEPOATHOCTHBIX MEP,
a 3aTeM — HIDKHAS IPaHb [0 MHOXKECTBY caMo(UHaHCUpyeMbIX nopTderneil. B cTarbe Halife-
HBbI YCJIOBHSI CYIIECTBOBaHUS MOPT(HENsA, Ha KOTOPOM JIOCTUTAETCs HMXKHAS I'paHb. DTOT pe-
3yJbTaT MO3BOJIMII MOCTPOUTH 0000IIEHNE ONIIMOHAIBHOTO Pa3JIoKeHUs! (PyHKIUU BBIILIATHI
OMIIMOHA. 3aT€M IOIYUYEHBI YCIOBUS CYLECTBOBAHMS BEPOSATHOCTHOM MEPBI, NOCTABIISIIOLIEH
MaKCHUMYM OKHJIa€MOMY 3HAYEHMIO PUCKA. DTa MEpa OKa3ajJach MapTUHTAIIBHON U JUCKPET-
HOM, HO B 00IIIeM clyyae OHa He MPUHAAJIECKHUT MHOKECTBY SKBUBAJIEHTHBIX BEPOSTHOCTHBIX
Mmep. HakoHen, nokasaHo, Kak IOJIYYEHHBIE PE3YyibTaThl AJI1 BCIIOMOIaTelbHOM 3a1a4M I0-
3BOJISIIOT MOJTYYHUTh SIBHBIE (POPMYJIbI AJIsl IEHBI €BPONEWCKOro OMIIMOHA HA HETOJIHOM pPhIHKE
0e3 TpaH3aKLUMOHHBIX M3/epkKeK. Bo BTOpoi yacTu cTaThu NMpHUBEIEHBI MPUMEPHI MoJeseh
[IEHOOOpa30BaHUs €BPONEHCKOro ONMIIMOHA HA PBIHKAX C OJJHUM PUCKOBBIM aKTHBOM: KOHEU-
HOTO U C KOMIAKTHBIM HOCUTEJIEM 0a30BOI BEPOATHOCTHON MEpBHI.

Knrouesvie cnosa: esponetickuii onyuon, xeoxcupogarue, MUHUMAKCHbIU nopmghenv, Heno-
HbLLL PLIHOK, ONYUOHANbHOE Pa3NodiceHue, npeocmasienue, hyHKYus pucka.
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MN3YYEHUE KBAHTOBOI'O BPEMEHH
BI'ETEPOCTPYKTYPE INAS/ALSB
C OJITHOU U JABYMS 3ATIOJTHEHHBIMU MMOJI30OHAMHU

E.P. Bypmuctpos, M.M. Adanacona

eugeni.conovaloffl@yandex.ru
Pazanckuii 'ocyoapcmeennwiti Yuueepcumem umenu C.A. Ecenuna, 390000 Pazauns, Poccus

[Moctynuna 14.09.2019

Crarbsi MOCBSILIEHA MCCIEIOBAHUIO MEXAHU3MOB PAaCCEsHUsT HOCUTENEH 3apsia B rerepo-
ctpykrype InAs/AlSb. Llenbio crarbu siBnsieTcs pa3paboTKa U JOTOJHEHUE CYIIECTBYONIEH
TEOPUH, KOTOPAs B [IOJIHOI MEPE ONMUCHIBAET KBAHTOBO-MEXaHUYECKHUE TPOLECCHI B U3YUaeMbIX
cTpyKkTypax. OCHOBHOE COJIep’KaHHE MCCIEA0BaHUs COCTABIsAET aHAJIN3 KBAHTOBO BPEMEHU
penakcauuu, GOPMUPYIOIIUIACS IO ABYM HE3aBUCHMBIM KaHajaM BHYTPU — U MEXKITOJI30H-
HoTro paccessHus. [IpoBen&HHbIl pacy€T KBaHTOBOTO BPEMEHH MOKa3all, 4To pa3padoTaHHas
TEOpUsl YUUTHIBAET PACCESIHUE JBYMEPHBIX HOCUTEEH B aKTUBHOM clioe InAs Ha 1epoxoBa-
TOCTAX reTeporpaHulbl. Beiencrsue Toro, 4To MOABEPIHYTHIE CUIIBHBIM MArHUTHBIM MOJISIM
TFeTEPOCTPYKTYpPbl PACCMATPUBAIUCh B YCIOBHUSAX JABYX 3alOJIHEHHBIX IMOA30H Pa3MEpPHOTO
KBAaHTOBAHMS, 3HAUUTEJIIbHOE BHUMAHUE Y/AEJICHO MCCIEAOBAHUIO YIIMPUTEIBHOTO BPEMEHU
ypoBHeil JlaHaay. YCTaHOBIICHO, YTO BpPEeMs MEXKIIOI30HHON peiakcanuu mopsjaka 10-5c, a
KBaHTOBOE BpeMs perakcaiuu nopsaka 10 '%c. B kayecTBe ucciie10BaTeIbCKOM 3a/1a4u aBTO-
paMu Obla OnpesiesieHa MOMbITKA NOMYyYUTh TEOPETHUYECKHUE 3HAUYEHUSI KBAHTOBOTO BPEMEHH,
KOTOpBIE B BBICOKOM CTENEHU COMIACYIOTCS C JaHHBIMH, IOJIyYEHHBIMU aHAJTUTUYECKHU.
Knrouesvie cnosa: epemsa penaxcayuu, yposuu Jlanoay, 2emepocmpykmypbl, Me*CHOO30HHOE
paccesinue, wepoxosamocmu, K6AHMOBAHUE.

YK 537.9
DOI: 10.31145/2224-8412-2020-20-1-46-56

1. BBegeHue

Bnusinue rpaHulisl pasena Ha IpOBOASIINE CBOWCTBA TE€TEPOCTPYKTYP ObLIO
u3ydeno B padorax I Kpemepa u XK. Andépona. UccnenoBanus mo3Boiuin ycra-
HOBUTb, YTO IIEPOXOBATOCTHU — ATO HE MPOCTPAHCTBEHHBIE JIOKAJIM3AI[MU aTOMOB Ha
reTeporpaHmiiax, a JOKAIU3alUU MOJIOKUTEIbHBIX HOHOB MPUMECHU B IPUTPAHUY-
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HBIX c0sX. CTOUT OTMETUTh, YTO CO3/IaHUE TETEPOCTPYKTYP XOPOILEro KayecTBa
NPUBOJIUT K HE3HAUYNTEIILHOMY BIUSTHUIO IIEPOXOBATOCTEH reTeporpaHuIlbl Ha K-
HETHKY DJIEKTPOHOB B KBaHTOBOH sime. B panHux paborax ObUIM aHATUTUYECKU
U3yUYeHBI MPOIIECCHI PACCESHUS IByMEPHBIX AJIEKTPOHOB Ha OCHOBE PE3yJIbTaTOB,
nojydyeHHbIX u3 ocuwurinuid [yonukosa ne ['aasza[l1,2]. IlogBepruyTeie nccie-
JIOBaHUSIM CTPYKTYPhl pacCMAaTPUBAJIUCH B YCIOBHUAX OJHOW 3arOJHEHHOW MOJ-
30HBI pa3MEPHOT0 KBaHTOBaHUs. JlaHHAs 0COOEHHOCTh OIPaHUYHUBAET BO3MOYKHbBIE
KaHaJIbl PACCESIHUS IByMEPHBIX HOCHUTENEH B reTepocTpykrype InAs/AlSb, octas-
JIs1s1 He U3YYEHHBIM BOIIPOC MEXKIOJ30HHOTO PE30HAHCHOTO B3aMMOACHCTBHSL.
[TpoBenEHHBIN B YCIOBUSAX NAHHOTO MCCIIEAOBaHWS KBAaHTOBO — MEXaHUYE-
CKUH pacuéT MOTEHIMAIIOB pacCesiHUS W MaTPHI] TUIOTHOCTEW MO3BOJIMII MOTY-
YUTh YUCJIICHHYIO OIICHKY KMHETUYECKUM MapaMeTpaM JABYMEPHOTO JIEKTPOHHO-
ro raza ([I9I'). B pabote npemyiokeH TEOPETUUECKUII METO/ pacué€Tra BpEeMEHHU
penakcaiuu, KOTOpbIii (pOpMUPYETCS 1O IBYM HE3aBUCUMBIM KaHaIaM BHYTPU- U
MEKIIOI30HHOTO paccesHus. B xo/e HaydHOro ncciaeoBaHusl yCTaHOBJICHO, YTO
METOJ] MO3BOJISIET BHOCUTh B CBOIO CTPYKTYPY M3MEHEHUs, CBSI3AHHBIE C yCIIO-
BUSMH TIOCTaBJIeHHOM 3ajaun. C y4€ToM JaHHOM OCOOEHHOCTH METOJ pacuéra
KBaHTOBOTO BPEMEHH pellaKCallii HOCHT YHUBEPCAIbHBIN XapakTep. BrickazaHno
IPENOI0KEHNE, UTO pa3paboTaHHas TEOPHS MOXKET ObITh MCIIOIB30BaHA ISl HC-
CJIEZIOBaHUSA KMHEMATUYECKUX MPOIIECCOB JIByMEPHBIX HOCHTENECH B KBAHTOBBIX
sIMax C HECUMMETPUYHBIM PACIpPeIeTICHUEM BEPOATHOCTH BOJTHOBBIX (DYHKITHIA.

2.TeopeTtnyeckana mogenb

['erepocTpyKTyphl, IOABEPIHYTHIE HCCIEIOBAHUAM, PACCMATPUBAINCH C YUE-
TOM JIByX 3aIllOJTHEHHBIX MOJ30H Pa3MEPHOI0 KBAHTOBAHUS. 3aII0JTHEHUE HECKOJIb-
KHX TMOJI30H Pa3MEPHOro KBAaHTOBAHUS MPUBOJIUT K JOMOJHUTENBHBIM 3 dexTam,
OCHOBHBIM M3 KOTOPBIX SIBISIETCSI MEXKIOJA30HHOE paccesiHue. [Ipu 3anonHenuu
TIEPBOI ITOJI30HBI BpEeMsI pellaKcalii UMeeT 3HadeHue nopsaka ~10'c, a mpu aByx
3alOJTHEHHBIX MO30HaxX mopsinka ~107°c. B mepBom ciydae paccesHue Ha Iie-
POXOBATOCTAX — JTOMUHHUPYIOIIMI MPOLIECC B YCIOBUAX KBAHTYIOLUIUX MAarHUTHBIX
nosei. Bo Bropom citydae MoJBHKHOCTh OIPAaHUYEHA MEK30HHBIM PACCESITHUEM H
€-€ paccessHUEM Ha I0/130HaxX B akTMBHOM cioe InAs/AlSb. U3orponus asymep-
Hol noBepxHocTH Depmu 1a€T BO3MOXKHOCTh MCIIOJIb30BaTh allllapara TeH30pHO-
ro ucuucieHus. J{s nerupoBanHol retepocTpykTypsl InAs/AlSb ¢ aByms 3amnos-
HEHHBIMU ITOJI30HAMM BPEMS peJIaKcalluy JAETCS BBIPAKEHHUEM |3 ]

1 _ KooK11=Ko1K10 1 _ KooK11=Ko1K10
— ) —
To EroK11—EFr1Ko1 71 Ep1Koo—EFroK10’

rae K, -KOMIIOHEHTa TEH30pa PacCesHMs, XapaKTepu3yrolas BKJaja NepBod
TOJ30HBI B IIPOLECCHI PACCEAHHs C KBAHTOBBIM BPEMEHEM perlakcauuu T ; K, —
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KOMITIOHCHTA TCH30pa PACCCAHUA, XAPAKTCPHUIYIOIIAA BKJIIA BTOpOfI ITOA30HBEI,
E. — nonoxenue OQHCPICTUICCKUX IIOA30H, OTCHHUTBIBACMbBIX OTHOCHTCIIBHO E F;

1

EFi - EF - El
C yué€Tom BBeJICHHBIX 0003HAUYCHHM

1 KooK11—Ko1K10 1 KooK11—Ko1K10

To (EF—E¢)K11—(EF—E1)Ko1’ Tq (EF—E1)Koo—(EF—E¢)Kq0

KoMInIoHEHTBI T€H30pa paccesiHus ONPENEAIOTCS U3 YIPOIIEHHOIO KUHETH-
YECKOro ypaBHEHHs bonbiMaHa

Kij = 5ij i Kilj - Kizj )

rac

k. 2 KeKF; 2
Kjj = 2:;1 o Wijtaiplde ki = Th]fon cos6|V;;(q:)| d6

B kBaHTOBOI siIM€ CUMMETpPHsI BOJHOBBIX (DYHKIIUWA MPUBOIUT K TOMY, UTO
(dopM-(haKTOp OTIIMYEH OT HYJSI TOJIBKO B TOM ClIydae, KOIjia CyMMa UHJIEKCOB 1, ],
n 1 m 4yeTHas. KOMIOHEHThI TeH30pa paccesiHus ¢ YYETOM MEKIIOI30HHOIO pac-
CESHUS MOTYT OBITh BBIYMCJIEHBI YEPE3 COOTHOIICHMSL:

1 kl%O " 2 1 kl%o " 2
Koo = ﬁjo Voo (qo0)|*dO Ky = ﬁjo |Vo1(qo1)]°d6
ki, (T kp kg (T

K110 = ﬁfo [V10(q10)17d6 K(%1 = #fo cos6|Vy1(qo1)1?d6

kZ (™ 2 ke kg, ™ 2
Klll = ﬁj(; |V11(q11)|2d9 KlO - 21th o C050|V10(CI10)| do

kF kF T 2 kFlkFl " 2
K(%O = #L COSQlVOO(qoo)lzdg Kll - Zﬂh o C050|V11(CI11)| de

MaTrpuyHBbIi JIEMEHT PACCESHUS HA IIEPOXOBATOCTAX
2 2 A2 AT/ 2 a0 -1 2
[Vij(qi)|” = mA2A2AV 2 exp ) Cnm(E7)ijmn i (2p) @) (25)}

_1 —_— o
e Vii(q) = Ynm(&ijmn)  Vam(q), e Vi;(q) — MaTpuusblii sneMeHT dKkpa-
HUPOBAaHHOTO ToTeHIwmana; V,,,(q) — MaTpuyHbIi >/EMEHT He’KPaHUPOBAHHOIO
KyJTOHOBCKOTO MOTEHIMANA; &;j my-MATPHIA JMANIEKTPHUECKOH MPOHMIIAEMOCTH B
NIPUOIKEHMH Xa0THIECKUX (pa3; A, A — mapamMeTphl IEPOXOBATOCTH; ¢, (2,), P, (z,)—
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TIOJI30HHbIE BONHOBBIE (QyHKIMH B 6apbepe; ;; = \/ kZ +k ]-2 — 2k;kjcosO —u3-

MEHEHHE BOJIHOBOTO BEKTOPA, 00YCIIOBICHHOE YIIPYTUM PACCESTHUEM OT 1 K j TIO30HBI.
Marputia 1u3IeKTpUIECKON MPOHUIIAEeMOCTH ompenensercs [3]

Ejmn(@) = 6inOjm + c;_sHij,nm(Q)Xij(q)’

Hijnm (@) = [ dz [ dz'¢;(2)p;(2) exp(—q(z — 2°)) ¢ (2 ) (2"),

( 1-0(q— ZkFi)\[l - (ZkFi/q)z,

(
xy@ =1 (¢ +16 = [ + 1) - @ke,0)?
3 2q?

0(q - k
1- %\/(q2 — k2)(q2 — K2), kp, > ko,

[
[—

ke, <k i#])

L\
tae H;ijnm(q) — dopm-dakrop; x;;(q) — mMarpuua craTHdeckoii momspusa-
* 2
uuu; O-dynkuus Xesucaiga; g, = 2;: ;hz; ki = 2m*(E, — Ey)/h?; k, =
S

|kF0 + kF1|; ko= |kF0 o kF1|'
Onpenenum MaTpUyHbIN 3JIEMEHT PAcCEsHUs B MEPBOW MOJ30HE Pa3MEPHOIO
KBaHTOBaHUA. Marpuiia TU3IEeKTPUUECKON MPOHUIIAEMOCTH JaéTcs popMyIion

m*e?

2(\/2k2 — 2k2cos)mese

€0000(q) =1+ N Ho0,00(9)X00(q)

Marpuiia cTaTH4eCKOM MOISPU3ALNM JJIsI JAHHOTO ClIyvas

2
Xoo(@) = 1—-0(q - 2kg,) 1 (222)".

[To onpenenenuto pyHKMU XeBucaiina

0, x<0
G(x)_{l, x>0

B ycnoBusix nanHou 3ama4n

0, q— 2ks, <0
0(q — 2kg,) = {1, q—2ks, >0’
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e q = \/Zkﬁo(l — cosf) = 2kg,sin (g), Tora

0, 2kg_ si o
, F0$1n<2

6
1, 2kg, sin (E) > 2kg,

) < 2k,
0(q — 2kg,) =

CrieoBarenbHO, crynendaras GyHkuus O=0 u y,,(q) =1. C yuérom moiy-
YEHHBIX pe3yIbTaToB

m*ez o0 o0 ’ ) , ’
€00,00(q) =1+ g f dzf Az ¢o(2)po(z) exp (_CI(Z -z )) o(z)po(z)
4k, sin (7) megggh? 70 0

2

Voo (qoo)|> = mA*A?AV? exp <q > {500 00 (@ w0 (Zp) 9o (ZB)}

Bxnan BTOpo¥ IOA30HBI pa3sMEPHOTO KBAHTOBAHUS NMPUBOAUT MATPUILLy JHD-
JIEKTPUYECKON MPOHUIIAEMOCTH M MaTPUYHBIN NIOTEHIMAJ PACCESHUS K BULY

(@) = 14— % [ a2z o.@0@ e (-0 -2) 00 ).

4k, sin ( 2)TEGE 1270

2
A
Vir(@)I? = mA*AAV? exp (qj

2
) {511,11_1(Q)(P1(ZB)(P1 (ZB)}Z;

£1010(a) = m f dz j 47’9, (2)p0(@) exp (=42 — 2)) 91 (2)90(2),

‘ho/\

V10(q10)1* = TA*A?AV? exXp ( ) {310 10~ (@1 (zp) 9o (ZB)}

g2+ 12 - J (q? + k2) — (2kp, Q)2
2q?

m*e?

301,01(61) = ( )H01,01(Q),

2mesg1%q

%1A

Vo1(qo)I* = TA*A?AV? exXp < ) {301 01~ (@ o (ZB)<P1(ZB)}

2. O6cyxaeHne pe3ynbTaToB

B xone TeopeTnueckoro ucciae1oBaHus yaanoch aHAIUTHUYECKH ONPEIENIUTh
u3 rpagukoB J{MHITIa BpeMs pellakCallid JIByMEPHBIX 3JIEKTPOHOB B aKTHBHOM
cioe InAs T 1 KOHLIEHTPAMH Ha MOA30HAX; U3 TEOPETHYECKHX PACUETOB OBLIIO
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MIOJTYYCHO BPEMs pelaKCalliy ¢ YYETOM JABYX 3aIllOJHEHHBIX MOJ30H JJISI OCHOB-
HOM T ¥ BO30YKJIEHHOM T L, 00l1Iee KBAHTOBOE T, M JJIEKTPOH-DIEKTPOHHOE T
BpeMeHa penakcanuu (tadnumal).

Cepus AHAJIUTUYECKUI pacuér TeopeTndeckuil pacyér
00pasion T,10™c n 10" m?in 10'°M2) T, 107 |7, ,107%¢| 2,102 | 77,1072
1 5.493 1.8 0.6 4.364 5.00 0.566 1.894
2 4.532 2.2 1.0 3.411 0.86 0.476 1.839
3 3.840 2.7 1.1 2.935 0.22 0.400 1.198
4 3.571 3.6 0.62 2.678 0.11 0.413 1.101

AHanmM3upysl TaHHbIE TaOIUIBI, MOKHO BBIJICITUTH CBS3h MEXKYy KOHIICHTpA-
USIMUA B OCHOBHOU 1 BO30YKJIEHHOM MOJI30HAX pa3MepHOTo KBaHTOBaHus. B xoze
paboThl yCTAaHOBIIEHA 3aBUCUMOCTh BPEMEHHU pellaKCallui OT KOHIIEHTPAIUU HO-
CUTEJIEN B UCCIEAYEMbIX CTPYKTYpax Ha KaxxJ10i u3 noazoHax (pucynokl). C no-
MOTIIbI0 WHTEPHOJSIUOHHBIX METOIOB O0pabOTKM MAacCHBOB JAHHBIX YIATIOCh
YCTAaHOBUTH 3aBUCHUMOCTh BPEMEHH peJlaKCaIiK OT 00IIel KOHIIEHTpaIuu 00pas-
11a. JIJIsT OIEHKW JOCTOBEPHOCTH TOJYYCHHBIX 3HAYCHHUH TpadyuueCcKUM METOIOM
CpPaBHUBAJIUChH aHAIUTHYECKUE U TeopeTuueckue naHHbeie. Ha pucynke 1 uso-
OpaxkeHO nBa Tpaduika, MepBbIA U3 KOTOPHIX MPEACTABISET COO0M 3aBUCHUMOCTD
AHATMTHYECKOTO 3HAYCHUSI KBAHTOBOTO BPEMEHH PeJIaKcarlii OT 0011el KOHIICH-
Tpauuu. Ha BTopom n3obpakeHa TEOPETUIECKAs 3aBUCUMOCTD T (1) X 2% C Jo-
BEepUTEIbHBIM HHTEpBATIOM 15%. Kak BUAHO, HalO)KEHUE SKCIIEPUMEHTAIBHBIX
TOYEK Ha TpaduKe B Mpeaeiax JOBEPUTEILHOTO MHTEPBAJIa aHAIMTUYECKUX 3HA-
YEHUHN CBHJICTEIHLCTBYET O BHICOKOM YPOBHE COIVIACOBAHHS TEOPHH U IKCIICPH-
MEHTA.

T,10 3¢

5.2

4.8 @
4.4 @I

4.0 i

3.6

0 0.6 1.0 1.4 1.8 2.2 n, 106 m
Pucynok 1
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Ha ocHoBe mosy4eHHBIX JaHHBIX YCTAHOBJIEHA 3aBUCUMOCTD 00111el KOHIIEH-
Tpanuyu 00pa3loB OT KOHIIEHTPAILIMH JJIEKTPOHOB B OCHOBHOM 71 1 BO30YKIEHHOM
n, IOJ30HAX PAa3MEPHOTO KBAHTOBAHUS, 71, =N, 1 (pucyHOK 2).

12 -2
nm’p,IO CM™] Yy

2.04 / [)

1.0 1

Pucynoxk 2

W3yom Ha n, (n,) 1 anmpoKCUMarust n, (1) Ha IPEIETHLHOE 3HAYECHUE n =0 raior
BEJIMYUHY [OPOroBoii KoHIeHTpauuu 7 =8.3-10" cm’. TeopeTudeckas OleHKa HOpo-
TOBOTO 3HAYEHHs KOHIIEHTPALUH JUIs KBAaHTOBOM aMbl ¢ d=150 A paBna 6.6-10"'cm™.

OmHKUM 13 pe3ysIBTaTOB HAYYHOTO UCCIICIOBAHUS CTA PaCYET BPEMEHN MEKIION-
30HHOTO PACCESHUsSI MJICKTPOHOB B aKTUBHOM ciioe InAs. B yclnoBusix KOHKypHpY-
IOIIAX BPEMEH pellaKcalliy MEXKITO30HHOE PACCESTHUE OPENEIISITCS] PABEHCTBOM

* intra
TT
m
Tmp

~

- Tintra_T* ’

IJie T — CYMMapHOE BPeMsi pellaKCcaluy ¢ y4€TOM BHYTPU — U MEXKITOJ30HHOTO
paccesiHus; Bpemsi BHyTpUIIOJ30HHOM penakcauu popMupyercs ¢ y4€ToM ABYX
HE3aBUCUMBIX MEXAHU3MOB PACCEAHUS, TPUUEM

1 1 1

—— = —
Tlnter TZIn T

p
q

PesynbraThl pacuéToB Tmp NpeacTaBieHbl B Ta0IHIE?.

Cepus 00pa31os AHQJIUTUYECKUHN PACUET Teopernuecknii pacyér
n ,10'° m> n,10" M 7,101 ¢
I 1.8 0.6 5.543
2 2.2 1.0 4.606
3 2.7 1.1 3.989
4 3.6 0.62 3.678
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N3 nanubix Tabmuiel 1 1 2 BUIHO, YTO JJIsl BCEX 00pa3IlloB BHITIOIHIETCS CO-
OTHOIIIEHUE

mp p m
T <Tq<’[q

JIaHHBIN BBIBOJI BIIOJIHE COITIACYETCS C YMO3PUTEIbHBIMU IPEACTABICHUAMU O
KBAaHTOBO-MEXAHUYECKHUX IPOLIECCAX, KOTOPHIE MPOUCXOIAT C JIBYMEPHBIMU JJICK-
TPOHAMH B I€TEPOCTPYKTYypax.

N3 nannbIx Tabnuikel 1 BUAHO, YTO HACEIIEHHOCTh OCHOBHOM MO/I30HBI pa3Mep-
HOTO KBaHTOBAHUS BBIIIIE, UeM BO30Y AEHHON. [103TOMY MOXHO TTPEANOI0KUTD,
YTO CKOPOCTh MEKIO30HHBIX MTEPEXOI0B OyAET BHIIIE, YeM CKOPOCTh TIEPEXOI0B
AIIEKTPOHOB BHYTPHU MOJA30HBI. AHAIUTUYECKH YCTAHOBJIEHA U MPOAHAIU3UPOBa-
HAa 3aBUCHUMOCTb CKOPOCTEN MEXK- U BHYTPUITOA30HHOTO PACCESIHUS HOCUTEIIEU OT
o01elt KoHIeHTpauu 00pa3na(pucyHok3).

1/7,TTy;
0. 38 LN T
L
0.34 LX +
T L
L
0.301
Tt ¥
0.26 +
0 1.0 2.0 3.0 4.0 g 10%m 2
PMCYHOK 3. CnnoumHbie MapKepbl — CKOPOCT BHY TPMIIO[I3OHHOI'O pacCeAHN,
MOJIHBIE — MEXITOA30HHOTO.

W3 rpaduka BUAHO, ABa JAHHBIX MEXaHU3Ma PACCESHUS SBISIOTCS KOHKYPH-
pyromuMu B retepoctpykrype InAs/AlSb. Xapakrep MOHOTOHHOCTH U pa3dpoc
0 3HAYCHUSIM ONPEACTISIOTCS aHU30TponHel moBepxHoctu Gepmu u napamerpa-
MU IIIEPOXOBATOCTEH reTepOrpaHHIIbI.

BbiBOO

B xome paboThl TEOpETHYECKH OIpeNeseHO KBAHTOBOE BpPEMs pellaKCalluu
JIBYyMEPHBIX HOCUTENEH 3apsiia B retepocTpykrype InAs/AlSb. Ynamock onieHUTH
BpPEMsI U CKOPOCTh MEXKIOJ30HHOTO paccesHus. [IpoBeaéHHbIil pacuéT KBaHTOBO-
ro BpemeHnu DI, yuuThIBalOIIMI 3aII0HEHNE BYX ITOA30H Pa3MEPHOrO KBaHTO-
BaHus B InAs/AlISb, npenoctaBui BO3MOKHOCTh U3yUYUTh KUHETUKY JBYMEPHBIX
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AJIEKTPOHOB. YCTAaHOBJIEHO, YTO BIOpAHHAs TEOPHS C BHICOKON JJOCTOBEPHOCTHIO
OMKCHIBAET M3yyaeMble KBAHTOBbIE 3(D(PEKTHI IBYMEPHBIX HOCUTENEH B reTepo-
ctpykrype InAs/AlSb.

C TOYKM 3pEeHMSI SHEPreTUYECKU BBITOJHOTO COCTOSIHUS B YCIIOBHSIX OTCYT-
CTBHSI KBAHTYIOIIUX MarHUTHBIX MOJIEH, YaCTOTa BHYTPUIIOI30HHBIX CTOJIKHOBE-
HUI IByMEpHBIX HOCUTENEH Topaso 00JbIIe MEKIIOJ30HHBIX. ITO 00BSICHIETCS
TEM, UTO JIEKTPOHY BBITOJHEE OCTABATHCS HA CBOEM IHEPTETUUECKOM YPOBHE WU
OCYIIIECTBIISATh IEPEXO/IbI MEXKTY YPOBHSIMU SHEPTUU B MpeJieNiax OAHOM MOA30HbI
pa3MepHOro KBaHTOBaHUs. BoBieueHNe 37€KTPOHA B IPOLIECCHI MEKITOJI30HHOIO
paccestHus TpeOyeT NOMOIHUTEIbHBIX 3aTpaT YHEPTHH, a CIE0BATEIbHO U TIPU-
0aBKU K UMITyIbCY. B manHo# pabote 00pasiibl moaBeprajirch BO3ACHCTBUIO CHITh-
HBIX MarHUTHBIX nosei. CraegoBarenbHO, 00IIee KBAHTOBOE BPEMs pelaKcaiiiu
dopMupyeTrcs 1o JByM KaHajlaM BHYTPHU- U MEXIOJ30HHOTO paccesHus. B nan-
HOM cllydae ymupeHue ypoBHen Jlanngay B OosbIleil cTeNeHU ONpeaesieT Mex-
MOJI30HHBIE MEPEXO/IbI, CIEOBATEILHO, BpEMS TaKUX MEPEX0/I0B Oy/leT MEHBIIIE,
YeM BpeMsi BHYTPHUIIOI30HHBIX, mopsjka 10-15¢c. Dtum oObsicHsAEeTCS TOT (HaKT,
YTO CKOPOCTD 3IEKTPOH-IEKTPOHHBIX MEKITOA30HHBIX B3aUMOJIEHCTBUN MPEBbI-
IaeT 1Mo a0COIIOTHOMN BEJIMUMHE AJIEKTPOH-3JIEKTPOHHBIE BHYTPHUITIOI30HHBIE.

Hcnonb3yeMbiit B paboTe KBAaHTOBO-MEXaHUYECKUIM METOJ| MO3BOJISIET B yC-
JIOBUSAX BO3JEHCTBUS PA3IUYHBIX BHYTPUCHUCTEMHBIX MEXaHU3MOB HA JBUKCHHE
AJIEKTPOHOB OLEHUTH (UIYKTYallMOHHbIE U3MEHEHHS TapAMETPOB, XapaKTEePHU3yIo-
IIUX IBUKEHUE JBYMEPHBIX HOCUTEIIEH.

W3 nmanHbIx Tabmuubl 1, BUIHO, YTO C YBEIMYEHHEM KOHIICHTPALIUU HOCH-
Tenel B oOpasiax KBAaHTOBOE BPEMsI YMEHBIIAETCSA. B yClIoBUSX OTCYTCTBHS
MAarHUTHBIX TOJEH peJlaKCAllMOHHBIE TMEPEXOJbl CTPEMSTCS COXPAaHUTh CHUCTE-
My B TEPMOJMHAMHUYECKOM PaBHOBECUU. BEpOSITHOCTh TaKUX MEPEXOAOB OIpe-
nensercs u3 pacupenenenus @epmu-/Iupaka 1 4acTUIl IO YPOBHAM HEPTUU.
[Ipy BKIIFOUEHHH MArHUTHOTO MOJSi BEPOATHOCTh MHIYLUHUPOBAHHBIX MEPEXO/I0B
YBEJIMYUBAETCS, CJIEIOBATEIbHO, YBEIUUYMBACTCS YUCIIO ABYMEPHBIX HOCUTENEH,
KOTOPBIE BOBJIEKAIOTCA B MPOLIECCHI MEXIOA30HHOIO paccesHus. BeposTHOCTb
CIIOHTaHHBIX MEPEXOA0B YMEHBIIAETCS, U BIMSHUE LLIEPOXOBATOCTEN HA JBUKE-
HUE 3apsiIOB B YCIOBUSAX KBAHTYIOIIMX MAarHUTHBIX MOJIEH yCWIMBaeTcs. Takum
o0pa3oM, B YCIIOBHUSIX MarHUTHBIX MOJEH HAa BpPeMsI MEXIIOA30HHOTO PACCESHUS
OKa3bIBAIOT BIMSIHUE JBA JOMUHHUPYIOUIUX (PaKTOpa: HEPOBHOCTH I'€T€POrpaHULIbI
U YIIMPUTEIbHOE BpeMsl ypoBHeil Jlanay.

B xone HayyHOro uccie0BaHusl YUYUTHIBAJIMCH TOJIBKO MEXaHU3MBbI yIIPYTOTO
paccesiHus, TaK Kak HEyIpyroe paccessHue Ha MOJSPHBIX ONTHYECKUX (POHOHAX
peHeOpeKuMO MaJio MPU HU3KOM Temneparype. MeToa He y4uThIBaeT 0COOEH-
HOCTH SKPaHUPOBAHHOTO M HEAKPAHMPOBAHHOIO KYJIOHOBCKOIO noteHuuana. On-
HUM M3 PE3yJbTaTOB HAYYHOTO UCCIIEIOBAHUS CTAJIO COMOCTABICHUE TEOPETUYE-
CKHX U aHAJIMTUYECKHUX JIaHHBIX, KOTOPBIE XOPOIIO COITIACYIOTCS MEX1y COOO0M.
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THE STUDY OF THE QUANTUM RELAXATION TIME
IN THE HETEROSTRUCTURE INAS / ALSB
WITH ONE AND TWO FILLED SUBBANDS

Burmistrov E.R., Afanasova M.M.

eugeni.conovaloffl@yandex.ru
Ryazan State University named for S.Esenin

Received 14.09.2019

The article investigates the carrier scattering mechanisms in the heterostructure InAs / A1Sb.
The aim of the article is to develop and complement the existing theory, which fully describes
the quantum-mechanical processes in the studied structures. The main content of the study is
the analysis of the quantum relaxation time, by forming two independent channels inside —
and intersubband scattering. Conducted quantum time calculation showed that developed
theory takes into account the two-dimensional scattering of carriers in the active layer in InAs
heterojunction roughness. Because subjected to strong magnetic fields heterostructures were
considered under two filled subbands, considerable attention is given to research ushiritelnogo
time Landau levels. It was found that the time of intersubband relaxation about 10'3s, and
the quantum of the order of the relaxation time 10's. As the authors study the problem was
determined attempt to obtain quantum theoretical values of time which are highly consistent
with analytical data.

Keywords: relaxation time, Landau levels, heterostructure, intersubband scattering,
roughness, quantization.
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Crarbs MOCBSIIIEHA MOCTPOCHUIO PEIICHHS 3a7a4yl ONTHUMAJIbHOTO B CPEAHEKBAIPATHUCKOM
CMBICJI€ CTOXaCTUYECKOTO BOCCTAHOBICHHUS U3MEPUMON KBaJIpaTUYHO UHTETPUPYEMON OTHO-
cutenbHO Mepbl Jlebera hyHKIINY, 3aJaHHOM HA KOHEYHOMEPHOM KoMITakTe. B Helt 000CHOBBI-
BaeTcs IMpollelypa ONTUMATILHOTO BOCCTAHOBIICHHUS, & TAK)KE YCIOBHUS €r0 HECMEIIEHHOCTH
u coctoaTenbHOCTU. Kpome Toro, mpeanoskeHa u 000CHOBaHA MpOIeaAypa €-ONTUMAIBLHOTO
CTOXaCTUYECKOTO BOCCTAHOBJICHHUSI.
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BBegeHue

JlaHHass cTarbsd IIOCBSIIEHA IIOCTPOEHUIO MOJENEH ONTHMAIBHO H
€-ONTHUMAJILHOTO BOCCTAHOBJICHHS KBAaJPaTUYHO MHTETPUPYEMbIX (YHKIMHA OT-
HOcUTENbHO Mephl Jlebera u ompezeNieHHbIX Ha KOHEYHOMEPHOM KOMIAKTE 10
HAOJIOACHUSAM C rayCCOBCKMMHM OIIMOKaMH. B Hell Mbl paccMarpuBaeM yCIIOBHUS
CyILLIECTBOBAHMS ONTUMAJIBHOU U €-ONTHUMAIbHOM MPOLEAYP BOCCTAHOBICHHUS 110
KPUTEPUIO MUHUMYMa CPETHEKBAIPATUIECKON OIINOKH.
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[Ton 3amadeil CTOXaCTMYECKOIO BOCCTAHOBJICHHUS (DYHKIIMU M3 HEKOTOPO-
ro Kjiacca 0OObIYHO MOHMMAIOT CJENYIOLEe: UMEETCS BO3MOXHOCTh HAOIIOIATh
3HauYEHHUE ATON (PYHKIMU C OMMOKaMHU B JIFOOOM TOUKE 00IaCTH €€ OMpeIeSICHUs
U TpeOyeTcs OLEHUTHh (BOCCTAHOBHUTH) €€ MO pe3ysibraraM HaOIOJEHUN B COOT-
BETCTBUU C 3aJJaHHBIM KpUTEpPUEM oNnTUMaIbHOCTU. ClieyeT OTMETUTD, 4TO 3Ta
3a/1a4a OTHOCUTCA K 3a/ladyaM HEMmapamMeTpU4ecKoro (0eCKOHEUHOMEPHOIo) olle-
HUBaHUA. 3a/ladyaM HEMapaMeTPUUYECKOro OIEHUBAHUS MOCBAIIEHO OOJBIIOE KO-
JUYECTBO padoT, Hanpumep [1-4, 6, 7, 12-16].

[IpuBenem kpaTkuii 0630p pe3yabTaTOB MO TEOPUH CTOXACTUUECKOTO BOCCTA-
HOBJICHUS (PYHKITUH.

Tak, B [1, 2] npemyioxkeH MeTO PELICHUS 3a/1a4M BOCCTAHOBIICHUS, KOTOPBIN
OCHOBBIBAETCSl Ha Teopuu mnomnepedHrukoB KommoropoBa u teopeme [nuBeHKO—
Kanremnu.

B [3, 4] conepxxutcst moapoOHBI 0030p pe3y/IbTaTOB MO TEOPUH CTOXaCTUYe-
CKOTO BOCCTaHOBJIEHUS. B HUX Il penieHus 3TOW 3aJadyd MCIOJb30BaH MHHU-
MAaKCHBIN MOAXO/I.

B [5, 18] paccmarpuBaeTcss MUHMMAaKCHas MOCTAHOBKA 3aJ1a4M CTOXaCTHUYE-
CKOTO BOCCTaHOBJICHUS JJI1 HETMHEHHBIX (DYHKIIMOHAIOB, PEIIEHUE KOTOPOH Cy-
IIECTBEHHBIM 00pa3oM OmMHMpaeTCst Ha pe3ynbTaThl padoThl [3]. BaxkHO 0TMETHTS,
YTO B 9TUX pabOTaX COAEPKUTCS OOIBIITOE KOTMIECTBO HOBBIX TOYHO PEIIAEMBIX
npumepoB. B [10] mocTpoeHbl MUHUMaKCHBIE OIIEHKH KOA()PHUITMEHTOB MOJIUHO-
MUAJIBHOW pPErpeCcCHH.

B [6, 7] npumeHeHa Teopus TUIAHUPOBAHUS IKCIIEPUMEHTA JIJIs1 HAXOXKICHUS
pelIeHus 3a71a4l CTOXaCTUYE€CKOTO BOCCTAHOBIICHMUS.

B [13, 14, 16] npennoxeHbl peKypCUBHBIE aJITOPUTMBI CTOXaCTUYECKOTO BOC-
CTAHOBJICHHSI HEM3BECTHOU (DYHKIIMH U UCCIIeT0BaHa UX YPPEKTUBHOCTD.

B [15] pa3paboTan MeTo MOCTPOEHUS MPOCKIIMOHHBIX OIIEHOK ]ISl BOCCTa-
HOBJIEHUSI KBaJpaTU4YHO MHTETPUPYEMBIX IUIOTHOCTEHN pacrpeneseHus clydail-
HBIX BEJIMYHH.

B omnunuue ot BeIIENpUBENCHHBIX paboOT, B 3TOW cTaThe sl 000 KBa-
JIpaTUYHO UHTETrpupyeMoi GyHKIUHU 3aJJaHHON HA KOHEYHOMEPHOM KOMITaKTE
pemaercs 3aja4a CTOXaCTUYECKOTO BOCCTAHOBJIEHUS, ONTUMAIBHOIO B CpPEJl-
HEKBaJpaTUUE€CKOM CMbIciie. B Hell Mbl ycTaHaBIMBAaEM yCIIOBUS CYIIECTBOBA-
HUS pEUICHUs 3TOW 3aJ1a4d U MPUBOJUM SIBHBIM BUJI 3TOM HEMapamMeTpUueCKON
orieHku (teopema 1). Kpome Toro, 31ech BiepBble yCTAHABIUBAIOTCS YCIOBUS
€€ HeCMeIIeHHOCTH (Teopema 3) U COCTOSATENbHOCTH (Teopema 4).

[TocTpoennbie B paboTe HemapaMeTPUUECKUE OIIEHKU KBaJpaTUUYHO HHTE-
rpupyeMbIx (DYHKIIHI CI0KHO peaan30BaTh Ha MpakTuke. [loaToMy, mpuBOIUT-
Cs aJTOPUTM MOCTPOCHUS €-OTHNTUMAJbHBIX KOHEYHOMEPHBIX OIIEHOK (Teope-
Ma 5).
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1. OCHOBHbI€ onpepeneHna n o603HauyeHus. NNocTaHOBKa 3agauum
CTOXaCTn4eCKoro socCrtaHoBJ1€eHUA

[Tycth x € K — koHEeuHOMEpHBIN KoMITakT, B(K ) — GopeneBckas o-anredpa Ha
K, a L,(K) — MmHOx)ecTBO u3MepuMbIx Gynkumii f: K - R, xpagparuuno unTe-
rpUpyeMBIX OTHOCHTENbHO Mepbi JleGera A na K, te. [, f2(x)dx < co.

ITycts (£, F, P) — BeposiTHOCTHOE IPOCTPAHCTBO Ha KOTOPOM 3ajaHa H3MEPH-
mas gynkmusa n: Nt xXQXK - R1 o6o3nagaemas n,,(x), Takas 9o IS ITHOOBIX
x € Kum e N*

En,,(x) =0, E [, nh(x)dx = 0% < oo, (1)

U Mo0bIX X E K u m # q
Eng, (x)nq(x) = 0; 2)

3nech depe3 E(:) ob6o3naueH unTterpan JleGera OTHOCHUTENBHO BEPOSTHOCTHOM
Mepsl P.

[Tpeamnonoxum, 4to B J1000i Touke X € K Mbl HaOI0MaeM (QYHKIHIO Yy, (X),
KOTOpasi mpeacTaBisieT coboi cymmy GyHkmuit f(x) € L,(K) u n,,(x), T.e. Ha-
omronaem dyukiuio f () ¢ agnuriBHBIME ommbKamu m (X)

Y () = f(X) + 1y (%), 3)

rne m € N* — nomep nabmogenus.

[Mockonbky L, (K) — cenapabenbHoe ruiap0epToBO MPOCTPAHCTBO, TO B HEM
CyIIecTBYeT (BOOOIIE TOBOPS HECAMHCTBCHHAS) TOJHAS, OPTOHOPMHUpPOBAHHAsS
cuctemMa (QyHKIMH, KOTOPYIO MBI 0003HadaeM 4epe3 {@;(X)};o, T.. 111 TFOOBIX
[ jEZT pynxuma @;(x), @;(x) € L(K) Takue, uro [, @;(x)@;(x)dx = &,
3neck 6 — cumson Kponekepa, npudem %12 [, f (x)dx < oo.

N3BectHo [17], uto mobdas F & B(K )-uzmepumas pynkuus g(w, x), co 3Ha-
yenusMu B R1, Takas uro E fK |g(w, x)|*dx < 00 mouTH BCIOAY OTHOCHTEIHEHO
Mepsbl Jlebera, TomyckaeT npeCcTaBICHNE

9(w,0) = 50 af (0)g;(x),

e a]‘.g (w) 2 | « 9(@,x)@;(x)dx — cnydaliHble BEIMYUHBI, KOTOPHIE SBISIOTCS
xko3ppunmentamu Pypbe pynkuu g(w,x) € L, (K) [9]. Obo3Hauum:

Vi 2 [ ym ()@ (x)dx, (4)

a; = [, fOei(x)dx, )
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N 2 [ T (X) @ (x)dx. (6)
N3 (3)~(6) cnenyert, uTo aJis Jr0OBIX i, 7 BBITIOJIHEHO PABEHCTBO
yh = a; +n,. (7)
Otmetum, uto, B crity ycnoBui (1)—(2), ais moboro m>1 numeem
XZo [af + E(mp)?] <0, EXZ, 0h)? < 0. (8)
2 a ]
O603naumm 0 = E(Mm)? Bes OrpaHUYeHHs] OOUTHOCTH MOYKHO CUUTATh, UTO
00 2 _ 2
=1 0 = 0% < 00,

OueBnaHo, 4To uIst MOOBIX f(x) € L,(K) , m € Z* u x € K cupaBeauBbI
paBEHCTBA!

f(x) £ X2 aipi(x), 9
Ny (%) £ Y2, nh@;(x) —P — .1, (10)
Y (%) 2 X320 ¥@i(x) —P—1.H (11)

O0603HaUNM g-aNTeOpHI

T,Z 2 a{yli, ...,y,il}, TY% 2 a{y{, ...,y,in,‘v’i > 0}.

OueBuaHO, 4TO AJIst JI0OBIX m>1 u X € K ciy4aitHas QyHKIHS Yy, (X) siBISIETCS
FY ® B(K) — u3mepumoii.

Tenepsr mpuBeneM omnpeneneHus, HeOOXOIUMBbIE JUIS TAIbHEHIIETro N3JIoKe-
HHS.

Onpenenenne 1 ITycmo f,,(x) — mobas Fyy @ B(K)-uzmepumas gynxyus,
maxkas umo E | Kk | fin (x)lzdx < 00, KOMOPYI0 Oy0eMm HA3bl8amv OYEeHKOU PYHKYUU
f(x) € L,(K).

MHoxecTBO Takux OLEHOK 00o3HaunM 4epe3 M, . (P). OgeBumno, uro
M ,,, (P) — cenapabenbHOE rHILOEPTOBO POCTPAHCTBO.

B crarbe paccMaTpuBaeTCs 3a/1a4a OCTPOEHHUs OEHKH f,, (x) € M ,,, (P) Ta-
KO, 4TO

Ef, [fO) = fn(o]’dx —  inf (12)

fn (X)EMy p (P)’
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— 9TO KpPUTEPUHA MHUHHMMYMa CpPEIHEKBAIPATHUYECCKOW OIIMOKH OTHOCHUTEIBLHO
Mepbl AXP.

Onpenenum Tenepb, 4YTO Mbl OyJIeM TOHUMATh MO/ eP-omTumanpHOl 1 onTH-
MaJIbHOM OIlCHKaMH.

Onpenenenne 2 Oyernky fin(x) € Mo (P) nasogen eP-onmumanshoi, 20e
€ € (0,1) — moboe, >0, ecru

inf  Ef [f() = fu@] dx =E [ [f) - f200] dx + 0(eP). (13

fm(x)EMZ,m(P)

O-OI’lmuMCIJZbHy}O OUEHK)Y Ha3o6em ONMUMAIbHOU.

Bameuanne 1 o0 O(eP) nonumaemcs maxas mecnyuaiinas @ynkyus
o(m,e) om m € Z* u € € (0,1) co suavenuamu ¢ R, y xomopoii ons n06wix
m € Z*, € € (0,1) cywecmsyem nonoxcumenvuas koncmauma C maxas, 4mo

|P(m,e)|
g—ﬁSC<OO,ZOe g > 0.

Llenpro naHHOM CTAThU SABISIETCS:

1) HaxoxIeHUE YCJIOBUM, TPU BBITTOJTHEHUHM KOTOPBIX CYIIECTBYIOT ONTUMAaJIb-
HbIe U £P-onTuManbHEIe OneHKH TI060i HemsBecTHOH GyHKIHH f(x) € L, (K)o
HaOJIFOICHHUSM 32 HEH C TayCCOBCKUMU OITMOKAMU,

2) WcClieIOBaHUE CTATUCTUUYECKUX CBOMCTB MOCTPOCHHBIX OLEHOK.

2. llpencrabienue oueHok pynkuun u3 L, (K) u kpurepues (12), (13)
2.1 Tockonbky f,, (x) € M ;,, (P), To AXP-1109TH BCIOY OHA IOIyCKaeT Mpet-
CTaBJICHHE

fm () = 20 Qim®i(x), (14)

A i
e Xim — F) -usmepumast ciyvaiinas Benuuunna, i € Z*, kotopas sBiseTcs Kod¢-
¢buruerrom Oypbe oLeHKH fi, (X), T.€.

Bim = [ fn ()@ () dx. (15)
Onpeneaenne 3 ([16]) Oyenxa (14) pynxyuu f(x) € L, (K), 20e {9 (X)}jz0—
noanas. opmonopmuposannas cucmema Qynxyuii 6 L, (K), nasvieaemcs npoexyu-

OHHOI.

N3 (14), cienyeT cOOTHOUIEHUE

E [, Ifm(x)lzdx =EX2, @fn, (16)
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KOTOpOe siBIsieTcs 00001eHneM u3BectHoro pasenctna [lapcesans [8].
O6o3naunm M, . (P) — MHOXecTBO OECKOHEUHOMEPHBIX CIIydalHBIX

l
BEKTOPOB & 2 (Bom, R1m, ), TAKMX, UTO: i) @y — Fr -U3MEPUME,
i) EX2 o |@im|? < o0 . OueBuano, uro M, ,,, (P) — runs6epToBO MpoCTpaHcTBO.
W3 paBenctBa (16) ciaenyer yTBepKIEHHUE.

Hpennoxenne 1 M, ., (P) usomopghno M, .. (P).
2.2 [IpencraBienue Kpurepusi onTuMaibHoOCTH (12).

[TockonbKy cucrema {@;(x)}i>o — monnas oproHopMupoBaHHas, T0 u3 (9),
(14) u (16) nua mro60ro m=>1 ciaenyrOT paBeHCTBA

Ef [f() = fn(0)] dx = EX2 [a; — @in]? = 20 Ela; — @il?,

e fm (x) € M, (P) — HekoTOpast MPOEKIMOHHASI OLIEHKA.
Otcrona, B CHIIy NPETIOKEHUA 1, nMeeM

inf B[ [f0)~fa@]'dx = inf ¥2 Ela; - &ml® (17)

fm(x)EMz,m(P) mEMy 1, (P)

i i
[yctb Ly, 2 L,(Q,F;) , P) — MHOXKeCTBO F,) -N3MEPUMBIX KBAPATUIHO MH-
TErpupyeMbIX ciiyyaiiHbIX BenuuuH. 13 (17) cnenyetr HepaBeHCTBO

inf  Ef [f00) — fn®] dx =32, inf Ela; — @ml?.

fm(x)EMZ,m(P) Aim€Lym

SIcHO, 4TO OIleHKa &?m SABJISIETCS. ONITUMAIBLHOM TOINA W TOJIBKO TOIZA, KOI/a
inf E 2. 12 = E 20 17 |
. 1n [ai - aim] - [ai - aim] . ( 8)
Aim€Lym
TakuM 06Pa3oM, ECIIH CYIIECTBYET @ pny, TO
Cinf B[ [fO0) ~ (0] dx = 32, E[a; — a0,
fm(x)EMZ,m(P)
Ortcrona, B crity TeopeMbl DyOHHU U TIOCIIETHETO HEPABEHCTBA, HIMEEM

: _ 7 2 oo 80 1P =
fm<x>é&fz,m<p>”1< [f () = fu()] dx = 224 E[a; — @3] (19

: . . . 2
= {am}eln%gm(p)E Yizo la; — @m]? =E fK [f(x) - fi?n(x)] dx,

£0 A 0 0
rae fim(X) £ XiZo Qim®i(X), CrnenoBarenbHO, JOKa3aHO CIEAYIONIEe yTBEPK/Ie-
HHE.
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Ipenaoxenue 2 J{na n06020 m>1 onmumanbhas NPOEeKYUOHHAS OYEHKA

fm (x) € Mz, (P) cywecmgyem mo2oa u moabko mo20d, Ko20a cyujecmeyen
{am} €M, (P) makas, umo

inf  EY® [a;— @&, ]2=EY®, [a; —&° |°.
oy 2170 [0 = BimI” = EXZo [a: = @] (20)

3ameuanme 2 /M3 ymeepocoenusi npeonoxcenus 2 ciedyem, umo Oisl cyuje-
CMBOBAHUA ONMUMANBHOU NPOEKYUOHHOU oyenKu (Gyukyuu uz kiacca My p, (P)
HeoOXo00UMO U 00CMAmMO4YHO, YMOObl CYUeCmB08alu ONMUMAIbHbIE OYEHKU ee
Koaghhuyuenmos Dypoe.

3. CyuiecTBOBaHMe pelleHUs 3aga4ym onTUManbHOro croxacTmye-
CKOro BOCCTaHOBIeHus pyHKuumn us L, (K)

B nmanHOM pasnene Mbl chopMyaupyeM OAMH M3 OCHOBHBIX PE3yJIBTAaTOB pa-
OOTBI.

Ipeanonoxenune 1 Ilycmo o no0dvix i > 0 u m > 1 cemeticmeo {Ny,} izo
m=1
obpaszyem 2aycco6cKkylo CUCMEMy HeKOPPEIUPOSAHHbIX CILYUAUHBIX BEIUHUH C

L) — 2 2 o 2
Law(ny,) =N (0,0{) npuuem = £ )2, of < oo.
Tenepb MbI MOxeM c(HOPMYIUPOBATh OCHOBHOM pe3yJbTaT JaHHOTO pas/ea.

Teopema 1 Ilycmo f(x) € L,(K) u 6vinonnenst yciosus npeononodcenus 1.
Toeoa cnpaseonugwvl credyrowue YmeepircoeHus:

1) Onst noumu 6cex x € K u m = 1 cywyecmsyem onmumanvnas npoexyuon-
nas oyenka f,3(x) € My, (P), komopas AxP-noumu 6cody donyckaem npeo-
cmaenenue

fm () = X320 @i (%), (21)
npuyem
&0 _l m J
jm =y k=1 Vi (22)
inf  E[ [f() = ()] dx =132, 02 =2
2) ;e ey ke S T I OL A% =50 a0 O = (23)

Jloka3zarejibcTBO TeopeMbl 1 YeraHoBuM 1). 13 yTBepIKACHUS IPEUTOKCHHIS 2
CIIEIIYET YTO CYIIECTBYET ONTUMAIbHAS IIPOEKIIMOHHAs OLeHKa fri (x) € M, ,, (P)
TaKasl, 4To
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inf B[ [f) ~ @] dx =E[ [f@) -] de.  (4)

fm(x)EMz,m(P)

OCHOBHBIM COJIEPKAHUEM IIEPBOTO YTBEPKACHHUS TEOPEMBI SIBIISICTCS TOKA3aTENb-
CTBO paBeHCTB (22) u (21).

Mootomy pacemorpum Ef £ (x) — fif (x)]zdx. U3 yTBepIKICHHS TIPEITOKE-
Hus 2 (cM. hopmyiy (20)), umeeM

Ef, [f(x) = £200] dx = £ E|a; — @5 (25)

Orcrona cienyer, 4ro s Kaxa0ro jETL* TpebyeTcsi 1o pe3yibraraMm Habto-

o () j
netnit V1 > Yim) HOCTPOUTD ONTUMANBHYIO B CPEIHEKBAAPATHYECKOM CMBICIIE
oueHKy ko3 dunuenra Oypoe a;. 3amerum, 9to B cuity (7) pacnpeeneHue ciy-

o o j Iy — 2
YaHHOW BEMYMHBI Y, SBISETCS IayCCOBCKUM, npuueM Law(yy) = N (a;, g7).
UzgectHo [17], uTo onTuManbHas oreHka kodduunenra @ypbe @;, B CUILY KpU-
tepus (20), mo pe3ynbpraram HaOIIOACHUN C OMIMOKaMU (ylj e, Vi), 0003HAUAE-

/\0 o o
Mas &y, COBIAIAET C COOTBETCTBYIOIIEH OLIEHKOM 10 KPUTEPUIO MAKCUMAIILHOTO
npasaononoous. CreaoBaTesbHO

A~ 1 j
@ = Y=t Vi (26)

YMHOXHM JICBYIO H ITPaByo 4acTh (26) Ha ¢ (X), a 3aTeM BBINOIHAM CYMMHPOBa-
HUE 10 BCeM j, umeeM (21).

Veranosum 2). Haiinem snavenne E [ [f (x) — fim (x)]zdx, B cuity (25), (7) n
npemiokeHus | umeem

2

~ 2 . ~ 0 ]
Ef, [f() - f3@)] dx = 32, E|ad, — q)| = S5, B30, v — | =
2

=¥, E(>2n nj)2=29° g _2
j=0 m k=1 J=0 o m’

|2

Q

Jloka3aTreabCTBO 3aKOHYECHO.

3ameuanne 3 Ymeepoicoenue meopemul 1 6 omauuue om coomeemcmeayouux
ymeepocoenuti pabom [3, 12, 13], 0aem Hogvle docmamoutble YCl08Us Cyuje-
CMB06AHUS ONMUMATbHOU oyenKu gynkyuu uz L, (K) no nabmodenusm ¢ 2ayc-
COBCKUMU OUWUOKAMU.

CaencrBue 2 [lycmo evinonnenst ycnogus meopemul 1. Toeoa 015 kaxcoozo
m=>1 noumu écrody ommnocumenvo mepvl AXP
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Fl (o) A~ o'} 1 j 1 (o) ]

fm(x) = 220 @i (x) = X% m §n=1 yzjfpl(x) = ;'n=1 2il=0 J’zJ(P(x) =
1

LI, ). 27)

Joxazamenvcmeo creocmsus 2 evimexkaem u3z (11), (20), (21) u meopemvr Dyou-
HU.

4. HecMeLeHHOCTb oueHkM fO, (x)

B aToM paznesne Mbl mokaxeM 4To oreHka (21) — HecMeleHHasl.

Teopema 3 [lycmob svinonnenwvl ycnosusi meopemsi 1. Toeoa oyenka (21) — ne-
CMeUjeHHasl.

Joka3zareabcTBo Teopembl 3 U3 (7) u (21) s no0bix x EKum =1, B
cuity Teopembl DyOnuHU, UMEeeM

EfR(0) = EX 20 Afn; (1) = £20 @;(0E = X0 ¢, () EXTL ) =
= 3720 0;() =Xy (@ +En}) = £5, 0;(0)a; = f(x). (28)

Jloka3aTreabCTBO 3aKOHYEHO.

5. COCTOATENbHOCTb OLIeHKM f3,(x)

B 1aHHOM pasjene Mbl YCTAHOBUM JOCTATOUHBIE YCIOBUS COCTOSTEIBHOCTH
orenku fo(x).

Teopema 4 ITycmo evinonnenst yenosus meopemul 3 u 0 noumu écex X € K
Ao Xz ajzgojz (x) < o0. Toeoa oyenka fra(x) — cocmosmenvha.

I[OKaf{aTeJ'leTBO TCOpeMbI 4 HaM HaJI1o0 yCTaHOBI/ITB, YTO IJIsd IIOYTU BCEX
x €EK

) P
fm()  —  f().

m — OO

JlocTaro4Ho J10Ka3arb, 4YTO JUCHEPCHUS OLEHKH fn () CTPEMUTCS K HYIIIO, KOT/a
Mm—>00.

CHauana BBIYMCIUM JUCIEPCUIO OLIEHKH f (%), o603HATAEMYIO Dff (%), U3
(21), B cuny Teopembl younu, (9), (7) u (22), umeem
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DY) = E[f2@) — f(0]’ = E[Z2, (a0, — a;); ()] =
= E[Z20 (AT v - ) 0,0 = E[Z20 2T, nley0] =

1
- ?o=o ‘P]z (x)ajz_

o) 2 2
Tax kak psn Y52, @7 (X)0; CXOOUTCS, TO U3 HOCICIHErO PABEHCTBA CIICIYyeT yT-
BEPIKJACHUE TEOPEMEI. /l0Ka3aTenLCTBO 3aKOHYEHO.

6. cP-onTManbHoe cToxacTuyeckoe BOCCTaHOBIEHUE hyHKLUK
n3 L, (K)

B 1aHHOM pasJiene ONUIIEM U 000CHYEM METOJ OCTPOEHHS £P-onTHManpHO#H
npoeKroHHoit onekn HenssectHoil dyrkuun f (¥) € L2 (K), koropas 6yzer siB-
JSATHCS KOHEYHOMEPHOM.

Cuauana HpI/IBe,IICM JIOCTAaTOYHOE YCIOBHE &P-omTnManbHOCTH MpoeKIuoH-

HOU OLIEHKH fn (%) nemssecrroit dynkiun f (%) € Lz (K),
O603HaYNM

Ly 2 {f(w,x):KxQ - RYE [ |f(w,x)]2dx < oo}, (29)

OueBuaHO, YTO L, — TMIILOEPTOBO MPOCTPAHCTBO CO CKAIPHBIM MPOU3BEICHUEM
("), 1 HOPMOI ||-|| ;.

Teopema 5 Ilycmw svinonnenwt ycnosus meopemol 1. Ilycmo 0ns 1106020 £>0)

cywecmsyem Ny(€) € N makoe umo onsn moboco N = Ny(€) umeem mecmo ne-
PABEeHCmeo

2
co gj
YN lail? + 2, pr NS
Tozeoa oyenxa
fm () 2 Eilo @i () (30)
aensemcs e-onmumanvhoti (f=1), 20e &y, onpedensemcs (26).

Jloka3aTebCTBO TeopeMbl 5 PaccMoTpuM cpepHEKBaIpaTHISCKYIO OIITHO-
KY OLICHKH, UMEEM PABEHCTBO

7<m ) £E S, () = I @00 ()| dx = E [, |52 aii(x) -
l 0 almQDl(.X)| dx _Ef |Z =0 (a - &Lm)(pl(x) +Zl N+1 ai(pi(x)lzdx-
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Orcroza ciemyer, 4To
A 2 [o'e)

I(m,K) =EXiL, |“i—“im| + XN lail?. (1)

[Tocnennee, ¢ yuetom (26), (28), a Takxke (4), (5), (6), (7) mpumer B
N (Lym i) o 2 o 2 1yN 2
J(m,K) = EXi—o (; k=0 nk) + XiEne @l = XiZne a]® +— Xz (0)° < e
[TocnenHee HEpaBEHCTBO BBHITEKAET U3 yCIOBUM TeopeMbl. OTCrOAa CIeayeT 4To
A 12
Efy [f() = fi] dx=0(),

TO CCTh OIICHKA (30) SIBIISIETCSI €-ONTUMAJIbHOM. J_—[OKaBaTCJII:CTBO 3aKOHYCHO.

3ameuanmne 4 /3 ymeeporcoenus u 00KA3amenbCmea meopemvl 5 04esUOHbiM
obpazom credyem umo &-ONMUMAIbHASL oyeHka onpeodensemas (30) sensemcs
CMeWweHHOU U NOIMOMY He Assemcst cocmosimenvHol. OOHAKO OHA A6/1emcst ac-
CUMNMOMUYECKU HeCMeUeHHOU K020a N— o,

3akrnroJyeHue

B crarbe mocTpoeHbl oNTUMAaNIbHAS U €-ONTUMAJIbHASI OIIEHKH KBaJIPAaTUYHO
UHTErpupyeMor (QyHKIIMH, 33JAHHOM Ha KOHEYHOMEPHOM KOMIIaKTe M HaOJIro/Ia-
€MOM ¢ rayCCOBCKUMM OIIMOKaMH, a TaKKe MCCIEOBAaHbI HEKOTOPhIE CBOMCTBA
STHUX OLICHOK.
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The aim of the article is to construct a solution for the problem of the optimal recovery
(in the mean-square sense) of a measurable square-integrable (with respect to the Lebesgue
measure) function defined on a finite-dimensional compact set. We prove optimal recovery
procedure and establish conditions of its unbiasedness and consistency. Furthermore, an
g-optimal stochastic recovery procedure is proposed and proved.
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PaccmoTrpensl 1Ba moaxo/a K MOJSITHPOBAHUIO JTUHAMUKU BTOPHYHBIX (DOTOMpEBpaIieHui
OTJIEJIbHBIX HaHo4acTull. [Ipu OJHOM U3 HUX B Ka4YECTBE MOJIENIM MCIOJIb3YETCsl YEThIPEXy-
pOBHEBas 4acTHUIla, IEPBOHAYATBLHO BO30YXK/JEHHAS B COCTOSIHME C HAMOOJIBIIINM 3HAYEHUEM
SHEpruu, a MpHU APYroM — MOJIEJNIb U3 JBYX JIBYXYPOBHEBBIX YACTHII, OJHA U3 KOTOPHIX MEPBO-
HavyaJabHO BO30yx1eHa. [Ipu kaxaoMm U3 MOAXO/I0OB HAa OCHOBE peuieHuil ypaBHeHus Illpe-
JUHTEpa JIJIsl COCTOSTHUIM 001IeH (COCTaBHOM) CUCTEMBI U3 YACTHII U MOJISI CIOHTAHHOU (hTy-
OPECIICHITUY TIOTYYCHBI BRIPAKEHUS TSl 3ACETICHHOCTH 4-X COCTOSIHUM YacTHUI] Kak PyHKITUU
BpPEMEHHU, KOTOPBIE U OTPAKAIOT TUHAMUKY BTOPUIHOU (OTOpPEAKIMH. YCTAaHOBIICHBI Pa3Iiv-
Yus XapakTepa JMHAMUKHU PEAKIUi, OMMChIBAEMBIX JIByMsI OTMEUEHHBIMU MoaxoaamMu. Jlano
00BSACHEHHUE MPOUCXOKICHUS TaKUX pa3nuduil. [[puMepbl yCTaHOBIEHHBIX pa3IMuUi Xapak-
Tepa u3y4yaeMou JUHAMHUKHU MPU UCTIOIb30BAaHUN OTMEUEHHBIX MOIX0/I0B MPOMILIIOCTPUPOBA-
HBI TPUBEJICHHBIMHU Ha PUCYHKAX U300paKE€HUSIMH 3aBUCUMOCTEN OT BPEMEHH 3aCEIIEHHOCTH
COCTOSTHUM YaCTHII, UCIIOJIb30BAHHBIX B JABYX MOJIEISX.

Knrouesvle cnosa: mamemamuueckoe mooenuposanue, cOCmMagHvle CUcmemol, OUHAMUKA 3a-
CeleHHOCMU COCMOAHUN HAHOYACTUY, 8MOPUYHbIE POMOPEeaKYUl.
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BBegeHue

OcHOBOI MOJETMPOBAHUS IMHAMUKN BTOPUYHBIX (POTOMpPEeoOpa3oBaHmil pas-
JIMYHBIX HAHOYACTHUI] SIBJISIETCSI YCTAHOBJICHUE MEPEPACIIPEICICHUSI BO BPEMEHU
3aCEJICHHOCTH WX COCTOSIHUM MOCIIE OKOHYAHUS JCHCTBUS UMITYJIbCa OOITydCHHUSI.
[Ipu 5TOM M1 COCTaBIIEHHS] JOCTATOYHO IMOJIHOTO MPEICTABICHUS O XapaKTEPE
paccMaTpuBaemMoro (hOTOMPOILECCa YaCTO MOXKHO OTPAaHUYHUTHCS YUYETOM MaJIOro
4yuciaa TaKuxX COCTOSIHUU. Tak, Mpu MOJAEIMPOBAHUM MHOTHUX THUIIOB MOHOMOJIE-



MogenmpoBaHme ArHaMyKI BTOPUYHBIX OTOpEaKLmit 71

KYJSIPHBIX (pOTOpEaKLUi B KaueCTBE MPOCTEHIIEH MOIETN MOJIEKYIbl UCIIOJIb3Y-
I0T YETBIPEXYPOBHEBYIO YaCTHUILy, MOAPA3yMEBasl, YTO Pa3HbIC YPOBHU SHEPIHH
ATOM YaCTULIbI OTHOCSTCS K Pa3IMuHbIM KOH(OPMAIIMOHHBIM COCTOSIHUSIM OJTHOM
U TOW K€ MOJIEKYJIbl. Pe3ynprarbl Takoro MOAEIMPOBAHUS MCIOJIb30BAHBI IS
BBISIBIICHUSI MEXaHU3Ma, HAIpUMeEp, CTPYKTYpHOU (OTOM30MEpU3aLMU MOJIEKYJ
(em. 1. 5 B [1]), s uHTEpOpEeTauMy 3KCIEPUMEHTAIbHBIX AAaHHBIX U3y4YEHUS
IPOLIECCOB peJlaKCalui BO30YKICHHBIX COCTOSHUI Pa3iNyuHbIX MOIYIPOBOIHU-
KOBBIX «KBAHTOBBIX TOUEK», MApAMETPhI KOTOPBIX MOAOUPAIOT JUIsS UCIIOJIB30Ba-
HUSl TAaKUX YaCTUIl B KAUECTBE PA3JIMYHBIX MEPCIEKTUBHBIX OMTO3IEKTPOHHBIX
YCTPOMCTB (CM. HaIpuMep, B [2] 1 MpUBEAEHHYIO TaM JuTeparypy). OgHako, npu
MHOTUX BTOPHYHBIX MOJEKYISIPHBIX (JOTOPEAKLIUAX MPOUCXOIUT Mepepacipeie-
JIEHUE SHEPIUH MEKy COCTOSIHUSIMU JABYX OT/AEJbHBIX (DparMeHTOB OTHOM MoJie-
KYJIbl WM MEX]y COCTOSTHUSIMU JABYX MOJEKYJI: (POTOBO30YKIEHHON MOJIEKYJIbI,
KOTOPYIO Ha3bIBAIOT «PEAreHTOM», U BTOPOUM MOJIEKYJIbI, KOTOpasi pacCMaTpUBaET-
csl KaK «IIpoAykT» peakuuu. [Ipeacrasnsercs Gonee nociaeaoBaTeabHbIM IPOBO-
JUTh MOJICJIMPOBAHUE PEAKIIMI TAKOTO TUIA HA OCHOBE NMPUMEHEHHUS COCTaBHOMN
CUCTEMBI U3 JIBYX PA3JIMYHBIX MOJIETBHBIX YACTHII, TAK YTO BMECTO MOJICNIN YEThI-
PEXypOBHEBOM YaCTHUILIBI UCIIOJIB30BaTh MOJIEIBHYIO CUCTEMY M3 JIBYX JIByXypOB-
HEBBIX YacTHIl (HampuMep, B MOJIEKYJISIPHOM CHCTEME C MapOil «PEe30HUPYIOLTUX
U30MEPHBIX COCTOSHUI»— cM. TII. 8 B [1]). IIpencraBnsier uHTEpEC CONOCTaBUTH
TaKO€ MOJIEJIMPOBAHHUE C COOTBETCTBYIOIIUM MOJEIMPOBAHUEM IPU UCIIOIb30Ba-
HUU YETBIPEXyPOBHEBOM MOJEIM MOJIEKYJIbl. BBINIOIHEHHE TaKOro COIOCTaBIIe-
HUS SIBUWIOCH LIEJIbI0 HACTOSIILEN pabOThI.

OTmeTHM, 4TO MOJEITMPOBAHUE JUHAMUKH 3aCEJIICHHOCTH COCTOSIHUM JIBYX B3a-
UMOJICHCTBYIOIINX MEXy COOOM U ¢ TOJeM U3Iy4YeHUs JABYXYPOBHEBBIX YAaCTHUI
(«aToMOB») B MOCJ€IHEEe BpeMs IPHOOPETIo 0coboe 3HaYeHHE B BUAY OOJIBIIOTO
MHTEpeca K U3yYEHUIO JTUHAMHUKH 3aCEJIEHHOCTH COCTOSIHUN TAKOM CHCTEMBI IIPH
paccMOTPEHUN aTOMOB KaK MpeAcTaBUTENeld HocuTenell mHpopmanun («KyOou-
TOB»). Pe3ynpTrarbl M3y4eHHs] 3TOH JTUHAMUKH MO3BOJSIOT COCTABUTH MPEICTaB-
JICHHUS O BO3MOYKHOCTH HCIOJIb30BAaHUS TAKMX HOCHUTENEH MHPOpMAIUK TIPU TO-
CTPOCHHH OCHOB «KBAaHTOBOW MH(MOPMATUKU» U «KBAHTOBBIX BBIYUCICHUID [3].
Oco0oe BHUMaHHUE MPU 3TOM YIEISIETCS U3YUEHHUIO MPOLECCca JAEKOTePEHIUH CO-
CTOSIHUM KyOMTOB, KOTOpAs ABJISETCS IOMEXOU IPU UCIIOJIB30BAHUU UX KAK OCHOBBI
JUISL IPOEKTUPOBAHUS KBAHTOBBIX KOMITBIOTEPOB, & TAK)KE TAKOM XapaKTEPUCTHKHU
COCTOSTHUUM KyOWTOB, KaK «KBAaHTOBasl MEPEMYTaHHOCThY» UX COCTOSIHHUM, KOTOpas
paccMaTrpuBaeTcs Kak HOBBIM pecypc Jisi pa3BUTHS OTMEUEHHBIX HAIPABJICHUM J1e-
arenbHOCTH. [1Iupoko ocBelaroTces pe3ylibTarbl MHOTOYUCIIEHHBIX padoT, B KOTO-
PBIX MOZICTTUPYETCS TUHAMUKA 3aCEJICHHOCTHU MePEyTaHHbIX COCTOSHUN CUCTEMBbI
U3 OJIMHAKOBBIX KyOUTOB MpHU CIIOHTAaHHOU (pryopeciieHuu (cM., Haripumep, [4]),
CUCTEMBI U3 KyOUTOB C pa3IMYHbIMU 3HAYEHUSAMHU SHEPTUN BO30YkKIEHHBIX COCTO-
SIHUH, B3aUMOJIEMCTBYIOIIMMU C OJHOW MJIM JABYMsI MOAAMH I10JIS1 U3ITy4EHUs (CM.
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[5] u npuBeneHHYIO TaM auTeparypy). IIpu aTom paccmarpuBaluch Takue aclek-
Thl TUHAMHKH, KOTOPbIE IPUCYIIH, IPEXK/IE BCEro, GOTOPU3NUECKUM MPOLIECCAM.
Ho y»xe MO’xHO cunTaTh 0OIIEPU3HAHHBIM MIPEICTABICHNE O TOM (KaK OTMEUYEHO,
HampuMmep, B [6]), 4TO mepenyThIBaHUE COCTOSTHUN KBAHTOBBIX CUCTEM HE0OXOH-
MO NPHUHHAMAaTh BO BHUMAaHUE JUISl JOCTHKEHUS MOJHOIO MOHMMAHUS 3BOJIIOLUU
COCTOSIHUN MOJIEKYJI ¥ IPH XUMUUECKHUX (POTOPEaAKIHUSIX.

[Ipyn MCnONB30BaHUM CHCTEMBI M3 JIByX JBYXypPOBHEBON aTOMOB IPUMEHU-
TEJIBHO K MOJEIMPOBAHHUIO (POTOXMMHUUECKUX MPOLIECCOB B OOLIEM cllydae ciie-
IyeT paccMaTpuBaTh B3aWMOJEHCTBUE PA3IMYHBIX aTOMOB MEXIY CO0Oi u ¢
€CTECTBEHHBIM OKPY>KEHHEM, KOTOPOE MPUBOJIUT K JEKOT€PEHLIUH U PEAKCALINH
BO30YXJCHHBIX COCTOSIHUM aTOMOB U HMIPAET POJib JIETEKTOpa UX COCTOSIHUM B
pexume cyeta (HOTOHOB (uiyopecueHInH [7]. D10 OyneT yUYUuThIBaThCS IPU MPO-
BEJCHUU HAMEUYEHHOIO MOJEIMPOBAHMS, KOTOPOE OCHOBAHO Ha MCIOJb30BAHUU
pemienuii ypaBuenus Illpenunrepa mist oOuieil CUCTEMbI U3 aTOMOB M MOJS U3-
Ty4yeHus (payopecleHIuH, COMMyTCTBYIOIIEH «TEMHOBOI CTaIMN PeaklUU CIIOH-
TaHHOM ()IyOpECLICHIINH, TAK K€ KaK U JUIsl OOLIe CUCTEMBI U3 YEThIPEXYPOBHE-
BOI MOJIEKYJIBI M TIOJIS M3 TyueHus GuryopecueHuu. OTMETUM, YTO IPU U3YUEHHUH
NepenyThIBAaHUS COCTOSSHUN KyOUTOB OOBIYHO MCIOJIB3YIOT ONITUYECKUE YpaBHE-
Hust broxa, KOTopble peAylUpOBaHbI 10 COCTOSHUSM IO U3TyUYEHUS.

Pemenue nocraBieHHON 3a7ja4l CONOCTABIICHNS MOJIEIUPOBAHNS JUHAMUKU
BTOPUYHOM (OTOpEaKMH MPU UCIIOJIB30BAHUU MOJIENIN U3 JABYX JIByXYPOBHEBBIX
aTOMOB U MOJEJIMPOBAHUS IPU MCIOIb30BAHUN MOEIIH YE€THIPEXYPOBHEBON MO-
JIEKYJIbl IIPOLIE HAYaTh ¢ PACCMOTPEHUS MOJECIMPOBAHUS JUHAMUKH 3aCEJICHHO-
CTH COCTOSIHUI MOZEIIN YETHIPEXYPOBHEBOM MOJIEKYIbl. OHO NPUBEIEHO B CIENY-
IOIIEeH YacTu paboThI.

YeTbipexypoBHeBas MoreKyna

I'amunsTOHMAH paCCManI/IBaCMOI;'I CHCTCMBI U3 quprexypOBHeBoﬁ MOJICKY-
JIbI U ITIOJIA U3JIYYCHUA 3allUIICM B BUAC

H=H, ,+H +V+W,

rae H,, — TaMUIBTOHNAH CBOOOTHOM MOJEKYNbI, /{ , — raMUJIBTOHUAH ITOJIS
U3ITyYEeHUS] U TOJS ONTHYECKUX (POHOHOB B TEILUIOBOM PE3EPBYape OKPYKEHUS
MOJIEKYIIbI, (00pa3yeMbIM aroMmamMu GparMeHTOB, IPUIIETAIONIUX K MOJIEKYJIE WK
BHYTPHUMOJIEKYJISIPHBIMH KOJICOATETLHBIMU CTEMEHSIM CBOOOIBI MOJICKYJIBI U pac-
CMaTPUBAEMBIM KaK COBOKYITHOCTh TAPMOHHYECKUX OCIUIUISTOPOB — moJjie PoHo-
HOB 110 [8]); V' — oneparop 3Hepruu B3auMOAECHCTBHS MOJIEKYJIbI C MOJEM TOTe-
PEYHON KOMITOHEHTBI TIOJISI M3TyYeHUS (VIIH B3aUMOJICHCTBHSI C TI0JIEM (JOHOHOB);
W — oneparop PHEprul TUHAMUYECKOTO B3aUMOJICHCTBUS MEKIY COCTOSHUSIMU
MOJIEKYJIbI U MEXKAY COCTOSIHUSIMU aTOMOB (CM. HIXKE).
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Ha puc. 1 cxemaTtnyecku NpUBEAEHO OTHOCHUTEIBHOE MOJOKEHUE YPOBHEU
sHeprun E, (n=1+4 ) cOOCTBEHHBIX COCTOSTHUN MOJEKYJIBI (4aCTh «a») M aro-
MOB (4acTb «0»). YPOBHHM SHEPIHH OTMEUYEHBI OTPE3KaMHU TOPU30OHTAIBHBIX JIU-
HUl. MecTa NoJIOKEHUsI 3TUX OTPE3KOB HA OCU OPJMHAT KAYECTBEHHO OTPAKaIOT
3HAYEHMS SHEPTUU COOTBETCTBYIOIIUX COCTOSTHUNA MOJIEKYJIbI. JIJIsl MPOCTOTHI B35~
Thl paBHbIE 3HAYECHUSI Pa3HOCTH E, — E, U E, — E|. Byznem 1nosarars, 4T0 COCTOSIHUS
1 u 4 oTHOCSATCS K OHON KOH(PUTYpAIIUU MOJIEKYJIbI, @ COCTOSIHUSA 2 U 3 — K JIpy-
TOM, TaK 4TO, HAIpUMEP, COCTOSTHUS 1 1 4 OTHOCATCS K OJHON M30MEpHOH dhopme
MOJIEKYJIbI, @ COCTOSIHHS 2 U 3 — K JIpyroii ee uzomepHou dopme. ToHKUMH TTU-
HUSIMU CO CTPEJIKaMHi 0003HAYCHBI YUUTHIBAEMBIC PaIUAIMOHHBIC TIEPEXOIbI TIPH
n3ITydeHnn ((OTOHOB CTIOHTAHHOU ()ITyOPECIICHIINH, & KPYTOBBIMHU KPUBBIMH — He-
paguaIiMoOHHBIC TIEPEXOAbl MEXIY BO30YKICHHBIMH COCTOSTHUSIMHU, O0YCIIOBIICH-
HbIE B3aUMOJICHCTBUEM MEXIY COCTOSHUSMU 3 U 4 (TUMa AUMNOIb-TUIOIBHOTO
B3aUMO/JICVCTBHS aTOMOB C YYE€TOM ITPOJOJIbHBIX KOMIIOHEHT 3JIEKTPOMArHUTHOTO
MOJIsSl — CM., Harpumep, B [9], Wi mogoOHOTo BUa B3auMoaecTBust — cM. B [1]).
3aMETUM TaKke, 4YTO COCTOSHUS MTPUHSITON MOJIEJIM MOJIEKYJIbl MOTYT paccMarpu-
BATbCA KaK COCTOSIHUSL TAKOMW JJIEKTPOH-IBIPOYHOU Mapbl OAUHOYHOU IOJIYIIPO-
BOJIHMKOBOM KBAaHTOBOM TOUKH, BO30YKJICHHBIE AMEKTPOH-(POHOHHBIE COCTOSHUS
KOTOpPOM CBSA3aHbl B3aUMOAECHUCTBUSMU, MPUBOASAIIMMU K MPOLECCAMHU HEpaaua-
IMOHHOTO MEPEHOCa PHEPTUU MEXKIYy HUMH (Kak B Mozesu, npuHsaTo B [10] u
MHOTHX APYTHUX paboTax, CIUCOK KOTOPBIX IPUBEACH B 3TOH padoTe).

Psiiom ¢ kaxx10¥ TUHUEH CO CTPENIKOM, HallpaBJIeHHOW BHU3, MPUBEIcHA OYK-
Ba, 0003HAYAIOIIAs «COPT» COOTBETCTBYIOLIErO (POTOHA CIIOHTAHHOU (yopec-
LEHILINY, BO3HUKAIOIIETO MPU MEPEXO/IE MOJIEKYJIbI UM aTOMa MEXIY COCTOSIHU-
SIMH, CO€IMHEHHBIMU 3TOM cTpenkoi. Hanpumep, OykBa o 03HayaeT copT poTroHa
U3ITyYEHHUsI TIPU MEePEX0/ie YaCTULIbl U3 cOoCcTOsiHUA 4 B cocTosiHue 1, n — goroHa
U3JIYYEHUS C MIEPEX00M YAaCTULBI U3 COCTOSHUS 3 B COCTOSIHUE 2. YUHUTBIBAKOTCSA
paaualroOHHbIE paclaibl COCTOSSHUM 4 U 3 C epexoiaMu YacTULbI B COCTOSHUS,
COOTBETCTBEHHO | M 2, W HEpaJAMAIMOHHBIE O0paTUMbIE MEPEXObI MEKIY «pe-
30HUPYIOIIUMI» COCTOSIHUSMU 4 U 3 («TeMHOBas» cTaaus BTOPUYHOU (hoTope-
akiuu). IIpeanonaraercs, 4To KOHCTaHThI, XapaKTEPU3YIOLIUE PATUALUOHHYIO
HIUPUHY YPOBHEHN SHEPIUU COCTOSHUN 3 ¥ 4 JOCTATOYHO MaJjibl IO CPABHEHUIO C
4acTOTaMU PaJNallMOHHBIX IEPEXOA0B MOJIEKYJIbI MJIU aTOMa U3 3TUX COCTOSIHUH,
TaK 4TO MOXHO TIpeHeOperarb MepeKphIBAHUEM COOTBETCTBYIOUIUX CIEKTPaJIhb-
HBIX JHHHMHA C YacTOTaMH w,, =h ' (E, - E,), w, =h"'(E, - E,), OTHOCAIIUMHCS K
COOCTBEHHBIM v — M 0 — MOJIaM TIOJIsI (PITyOPECIICHIINN.

PaccmoTpum 1MHAMUKY 3aC€IE€HHOCTH COCTOSTHUNA MOJIEKYJIbI OT TOTO MOMEH-
Ta BPEMEHH, KOTJa KOPOTKUI MMITYJIbC CBETA C HECYILEN 4aCTOTOM, paBHOM Ya-
CTOTE @y BO30YAMJI MOJIEKYJy B COCTOSIHUE 4 U MepecTan B3auMOJIEUCTBOBATh C
Hel. B oTHOmIeHNN yciioBuii BO30YXIEHUS OJHOTO U3 COCTOSTHUM peaTbHOM MHO-
rOaTOMHOM MOJIEKYJIbI CM., Hanpumep, B [11].
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YuutsiBaembie 4 THIa COOCTBEHHBIX COCTOSIHUI OOIIEH CUCTEMBI U3 MOJIEKY-
JIbI ¥ TIOJIST U3JTy4YeHus (B THIL0EPTOBOM MPOCTPAHCTBE 4-X COCTOSIHUN MOJIEKYJIbI
C COOTBETCTBYIOIIMMH COCTOSTHUSIMU TIOJISl M3JTy4eHHs) 0003HAYMM HHJIEKCAMU
40,30,10,2v. CocrossHue |40> (|30>) O3HA4Ya€T, YTO MOJIEKYJIa HAXOAUTCS B COCTO-
stHun 4 (3), a ToJie M3y dYeHHS He COAepXKUT (HOTOHOB (1 POHOHOB); |lo) — MoTe-
KyJia B COCTOSIHHH 1, a 1oJie conepXuT (pOTOH 0 |2v) — MOJIeKyIa B COCTOSIHHH 2,
10JIe COAEPKUT POTOH v. DTU COCTOSHUS OyJIeM UCTOIh30BaTh B KAYECTBE OPTO-
HOPMHUPOBAHHOTO 0a3uca («BBIYUCIUTEIbHBIN 0a3UC») ISl COCTaBICHMS OOLIETO
BUJIAa COCTOSTHUSI OOIIEH CHCTEMbI U3 MOJEKYIbl U (POTOHOB paccMaTpUBaeMOM
CIIOHTAHHOU (PITyOpEeCICHITUN.

MopenupoBaHue JUHAMUKH 3aCEJIEHHOCTH COCTOSHUN OOIIEH CHCTeMBI U3
MOJIEKYJIBI ¥ TTOJISI M3TYUYCHHsI OCHOBAHO HA MCTIOJIB30BAaHUH PEIICHUH YpaBHEHHUSI
Hlpenunrepa Ans aMIUIATYA BEPOATHOCTH 3aCEICHHOCTH TPUBEICHHBIX BBIIIE
0a3UCHBIX COCTOSIHHIA. DTO ypaBHEHHUE B MPEICTABICHUH B3aUMOICHCTBUS 3aIlu-
[IEM B BUJI€ YPaBHEHUS JJI aMIUIATYIbl BEPOSTHOCTH b, (f) 3aCE€IEHHOCTH COO-
CTBEHHOTO COCTOSIHUS 7 OOIIEN CUCTEMBI:

ihb, (1) = N (V+W),,b,(0) expli(E, - E, )t | 1] +ihé,,6(),

TJIE i, n, m — UHEKCHI PUBEICHHBIX BBIIIE Oa3UCHBIX COCTOSHUI 00111ei crucTe-
MBI C HEPTHeil, COOTBETCTBEHHO, E,, E, , E ; i— HadaJlbHOE COOCTBEHHOE CO-
crosinue cucremsl (40)); o, =h™'(E, -E,); J, — cumBon Kponekepa, d,, = 0 mipu
n=iund, =lupun=i; t-Bpems; d(t)- pynkuus upaka; V' — oneparop sHepruu
B3aMMOJICHCTBUS MKy YaCTHUIIEH 1 rmosieM u3nydenwus; V = —(ed)), rie e (¢) — Ha-
NPsSLKEHHOCTD AIEKTPUUECKOTO oI, d — oneparop JUNOJIbHOIO MOMEHTA YacTH-
ubl, W — oneparop B3aUMOJEHUCTBUS MEXY COCTOSSHUSIMU MOJIEKYJIbI, IPUBO/S-
IIEro K HepaIUAlIMOHHBIM MIEPEXOJIaM.

Jlns 06béMa L’ MpoCTpaHCTBa, B KOTOPOM HaXOAMTCS MOJICKYJIa M pacCMaTpu-
BAaeMOE€ I0JI€ U3IyYEeHUs, U PEalbHOTO 3HAYEHUS MATPUYHOIO 3JIEMEHTa omepa-
TOpa TUTIOJILHOTO MOMEHTA YaCTHIIBI MPY BBEICHHBIX 0003HAYCHUSIX UMEEM, Ha-
npuMep, I MaTPUYHOTO 3JIEMEHTa oneparopa V' mo cocrosinusaM lo u 40 takoe
BBIpaXeHue: V,* =il>'*\[2x - hw, - (d,),,; d,, — MAaTPUYHBII 2JIEMEHT oreparopa d 1o
COCTOSIHUSIM MOJIEKYIbI 1 u 4, @, —gactoTa POTOHA 0, AHATIOTUYHO HCIIOJIb3YETCS
o0o3HaYeHune , — yactota poroHa v. bynem nonararb, 4T0 MATPUYHBIC DIIEMEHTHI
orneparopa W OTAWYHBI OT HYJISI TOJIBKO JUIsl HEPAJAUAIMOHHBIX IEPEXOA0B MEKIY
coctossHUAMH 3 U 4. J[J71s1 9TUX MaTPUYHBIX 3JIEMEHTOB UCIIONB3yeTCsl 0003Haue-
Hue W, =W,, =hw>0.

ITpu ucnonszoBanuu Oypbe-npeCcTaBICHUS

b (t)=i(2m)" }OG”(E) -expli(E, - E)t/h]dE,
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rne £ — ¢dopmanbHas sHepreTuyeckas NepeMeHHasi, pelieHue ypaBHEHUS
[[IpenrHrepa CBOAUTCS K PELICHUIO CUCTEMBI YPABHEHUN

(E-E,) G(E)= >V +W),,G,(E)+6,,

e o,, — cuMBoil Kponekepa, «0» 03Ha4aeT CMMBOJI HAYQJILHOTO COCTOSIHUSA
COCTaBHOM CHUCTEMBI.

IIpu paccmarpuBaeMOM CIIOHTAaHHOM paclaje MOJIEKYJIbl M3 COCTOsiHUS 4
(0, =1) oTa cucTeMa ypaBHEHUI MMEET CICIYIOIINI BHUI:

(E-E,) Gu(E) = W4300G30(E) + EV:(?GM +1,
(E-Ey) Gy (E) = VV;?)OG40(E) + EV;)VGW > (1)

(E - El(r) ’ Gm(E) = V40G40(E) D

lo

(E - Ezv) -G, (E)= V23VOG30(E)‘

Hcnionb3yem 00619HO BBOAUMEIE (CM. [12]) 0003HaUCHNUS:
Vi = in” E‘V]f,o

rne {(E)=P/E-ind(E), P/E —rnaBHoe 3HaueHne QyHKIuu 1/ E, 5(E)— QyHK-
s Jlupaka. B manbHeimem, kak 0ObIYHO, TI0JT BRIPAKCHHUSAMU J,, TTIOIpa3yMeBa-
I0TCSl pe€aJIbHBIE YaCTH MPUBEACHHBIX BBIIIE ONMPEACICHUN 3TUX BEJIUYHH, B3SIThIC
MIPY 3HAYEHUSIX SHEPTUM COCTABHOM CUCTEMBI B COCTOSIHUU 71, @ MHUMBIE UX Ya-
CTH, OTPaKAIOIIUE PAJAUAIIMOHHBIN CABUT YPOBHEHW 4 U 3 HE yUUTHIBAIOTCS (CM.
[12]), Tak 9TO KOHCTAHTHI

"C(E-E,),

2§(E—E1(,), V3 =ih_1E‘V231?

(o

yy=an’ E‘V;40‘25(E40 - E,,) = 2w,d;,/3hc’,

2 ) 3
O(Ey - E,,) =2w;,d5, | 3hc

e

XapaKTepU3yIOT CKOPOCTH PAAMAIIMOHHOTO paciajga COCTOSHUS 4 U COCTOSTHUS
3 ipu U3NIy4eHUH (POTOHOB 0 U v COOTBETCTBEHHO. Tak KaK TMHAMUKY COCTOSHUS
MOJIEKYJIbI MOKHO OIMCHIBATh MOIOOHBIM 00pa30M U TOM Cllydae, KOTJia OHa B3a-
UMOJICHCTBYET KaK C 1ojieM (DOTOHOB, TaK U C TOJIEM OCIUJUIATOPOB TEIJIOBOTO
tepmocTara ((hoHoHOB) (cM. 1. 8 B [13), TO MOXKHO HCIIOIL30BaTh OJIMHAKOBBIC
BBIPKCHUS TSI MAaTPUYHBIX JIEMEHTOB OTIEpaTopa B3aMMOJCHCTBHUS DIICKTPOH-
HOM TOJICHCTEMBI MOJICKYJIBI C TTOJIEM U3JTyYCHHUS U ¢ TI0JIeM (P)OHOHOB | T10JIaraTh,
YTO KOHCTAHTHI ¥, U ¥, YYUTHIBAIOT KaK paauaIlliOHHBINA, TaK ¥ HEPAAUAIIMOHHBIN
pacmiaj; BO30y>KJICHHBIX COCTOSTHUI MOJICKYJIBI.
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OrpanuuuMcs B JIaJbHEUIIIEM PACCMOTPEHUEM TAaKHX MOJIENIEH MOJIEKYIIbI U
aTOMOB, B KOTOPBIX ¥4 = ¥; = ¥. C UCIOJIb30BAHHEM TaKUX 0003HAUEHUH peIIeHe
cucTeMbl ypaBHeHHil (1) umeer Bua:

E-E. +ih
G40(E)= ; 0 7/. 20
(E - Ey +ihy)(E - Ey, +ihy) - (hw)
aw
G (E)y=—G, (F),
30(E) E—E, +iny w0 (E)

sz (E) = I/zixoé‘(E - Ezv)Gso(E) s

GIU(E) = Vlioé'(E - Ela)G40 (E).

BBeznem cienyromie 0003HaueHus: E,, — Ey, = 2hA, § =~ w + A .

C ucnonb3oBaHUEM 3TUX 0003HAYECHUM 3HAMEHATENb BhIpakeHus G,,(E) mpu
E = E,, + Ix IpecTaBUM B BHAE /1 (x-x,)(x - x,), A€ X,, = A —iy =&, U, TIepexoas K
o0paTHbIM Dypbe-NpecTaBIeHUsIM IPUBEICHHbBIX BbIILIE BBIPAKEHUN G, (E), I0-
JIy4aeMm:

b, (1) = 87[0 cos(5¢) — iAsin(5t)] exp[(iA - y)t],
by, (t) = —iwd 'sin(dt)] exp[(—=iA - y)t],

1
wy % (w, -0 +iy)(w, + 0 +iy)

no | expl(i@, - )t][ exp(=idr)  exp(idt)
20 W, -0+iy @,+0+iy

b2v (t) =

b

w, +A+iy _
A (t)_VLOf (@, =0 +iy) @, + 6 +iy)
U explG@, - y)i] [(A +0)exp(=idt) (A- 5)exp(i5t)] ’

20 W, —0+iy W, +0+iy

rmew, =w,-w,-A, o, =0, -w, +A.
JInHaMKKa 3aCEIEHHOCTH PE30HUPYIOLIUX COCTOSIHUM 4 U 3 MOJIEKYJIbI OIpe-
NENSAETCS BBIPAKEHUSMH:

|b40(t)|2 = B(w,7,A1) = (20°) '[28 + W’ + W’ cos(201)|exp(-2y1),
b0 = BOw 7, A1) = (267 w[l —cos(201) fexp(-271)..

JUts onpeneneHuss TMHAMUKHU 3aCEJIEHHOCTH COCTOSHUK 1 M 2 MOJIEKyInbl B
npolecce CIIOHTaHHOH (IyOpecHeHIINH pUuMeM O0IIie TPeACTaBICHUSI TEOPUU
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npeoOpa3oBaHusl CBETA MOJIEKYJION U KBAHTOBBIX M3MEPEHUI OTHOCHUTENILHO Xa-
PAKTEPUCTHUK COCTOSIHUM OTKPBITHIX cUCTEM [7]. CortacHO 3TUM MPEACTABICHUSIM
HENPEePbIBHOE B3aMMOJICUCTBUE M3IIyHAIOIIEH CBET MOJEKYJbl C €CTECTBEHHBIM
MaKpOCKOIMYECKUM OKPY>KEHHUEM MPUBOJIUT K MOTEPE KOT€PEHTHOCTH B CyIep-
MO3UIMN COCTOSIHUM COCTaBHOM CHUCTEMBI («IEKOTePEHLUU») U MPU ITOM OCY-
HICCTBIISCTCSL peaibHas peructpanus («U3MepeHHe») COCTOSIHUS YacCTHUIbI MpU
JETEKTUPOBAHUM COCTOSIHUM TOJISI U3TyUYEHUs, IPUBOMSIIETO K «YHUUTOKCHHUIO
cooTBeTcTBYIOMIEro porona. Takoe m3mMepeHNEe UMEET CEICKTUBHBIN XapaKTep H
MO3BOJISIET OINPEACIIATh BEPOSTHOCTD MapIUaIbHBIX IBOJIIOIUN COCTOSHUS MOJIe-
KyJbl. C y4eToM 3TOro, 3aCeJIEHHOCTU COCTOSHHM MOJIEKYJIbI ONPEAEIIIEM CyM-
MOl BEpOSITHOCTEN COCTOSIHUNA COCTABHOM CUCTEMBI 110 BO3MOKHBIM COCTOSIHUSIM
TeX ()OTOHOB, KOTOPBHIE MOTYT OBITh U3TyYEHBI MOJIEKYJION B MIPOIIECCE €€ «CIICK-
TPOCKOMUYECKOTo nepexoga» (1o tepmuHoioruu [14]) B paccmarpuBaemoe co-
CTOSIHUE U TIOTJIOIIEHBI OKPYKEHHEM («3apErUCTPUPOBAHBDY).

PyKkoBOJCTBYSICH STUMU TOJIOKEHUSAMH, JUIsl 3aBUCUMOCTH OT BPEMEHH 3ace-
JIEHHOCTH COCTOSIHUS 2, B KOTOPOM MOJIEKYJIA OKa3bIBAETCS B pE3YJIbTATE U3ITyUe-
HUS V — KOMIIOHEHTBI paccMaTpuBaemMoil (h1yopeciieHIH, MOTy4YaeM Clieyroliee
BbIpaKEHUE:

1 exp(-2yt)
2)/((52 + }/2) - 2)/52 -
, EXD(=27D)[y c0s(267) - I sin(251)] '
26%(y2 +6%)

E|b2v(t)|2 =P, (w,y,A0) = yw’

IIpu s3TOM
Sl () = R =1-P(0) - () - P(0).

[Ipu BBIUMCIEHUH 3THUX 3HAYEHUN 3aCEJIEHHOCTH COCTOSHUI MOJIEKYJIbl HC-
N0JIb30BAJICA OOBIYHBIN MEPEX0] OT CYMMHPOBAHUS 0 NapaMmeTpaMm (OTOHOB V
U 0 K MHTETPUPOBAHUIO MO 3HAYEHUSIM MX YacCTOThl M HAIPABIEHUSM paclpo-
CTPaHEHUS C YYETOM JBYX COCTOSHUU MOJSPU3AINH, U TO 0OCTOSITETHCTBO, YTO
MaTpUYHbIE JIEMEHTHI ONeparopoB V' U W MOXKHO cuuTaTb MEAJIEHHO MEHSIO-
muMuca GyHKIUSIMH £ B 00MacTH TeX 3HAYEHHH, KOTOpbIE 3aXBAaTHIBAIOT Mak-
CUMYM PE30HAHCHOI'O 3HAMEHATeNsl BbIpaXXeHU G,(E), 1 BBIHOCUTb UX W3 IIOJ
3HAaKa MHTErpajga nIpv TOM 3HaYEHUHU NEPEMEHHONW HHTErPUPOBAHUS, KOTOPOE CO-
OTBETCTBYET 3TOMY MakcuMyMy. [TomyueHHble BbIpaxkeHUs MpHU A = 0 COBIIAJAIOT
C COOTBETCTBYIOIIMMHU BBIpAKEHUSIMU B padote [15].

JUis cKopocTel M3MEHEHUs 3aCEIEHHOCTH COCTOSIHMM MOJIEKYJbl M10JIy4aeM
CJIETyIOLIUE BBIPAKEHUS:
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P,(t) = =2y P,(t) - 6w’ exp(-2y1)sin(261),
P,(t) = -2y P,(t) + 0 'w’” exp(-2y1)sin(26¢),
B()=2yP(0) u B()=27P(0).
a «3¢(deKTUBHOCTH R Takoi peakuum» (BEPOATHOCTH MEePEXoaa MOJICKYJIbI U3
COCTOSIHUA 4 B COCTOSIHUE 2) MOKHO XapaKTepU30BaTh BETMYNHOM:

2
w

20w + A +y7)

R(W,}/,A) = ]DZ(W,}/)A’OO) =

Cucrema us ABYyX aTOMOB

[Ipu paccMmoTpernu (POTOpeakIu Ha OCHOBE HCITOJIb30BAHHS MOJCIH W3
JIBYX JIByXYypOBHEBBIX aTOMOB, B KQU€CTBE MOJIEIIN PEAr€HTa BO3bMEM aToM «A»
(MM «TIepBBIA» aToM), 3HAYEHUs SHEPTUU COOCTBEHHBIX COCTOSIHUM KOTOPOTO
COOTBETCTBYIOT 3HAUYEHUSIM IHEPTUM COCTOSSHUM 1 U 4 pacCMOTPEHHON MOJIEKY-
JIbl, a B KAYECTBE MOJIENIU MPOAYKTa — aToM «By (Wu «BTOpOi» aToM), 3HAUCHUS
SHEPTrUuU COOCTBEHHBIX COCTOSIHUI KOTOPOTO COOTBETCTBYIOT 3HAYCHHSIM SHEPTUU
COCTOSIHUM 2 M 3 pacCMOTPEHHOW MOJIEKYJIbl. ATOMBI CBSI3aHbI JUHAMUYECKUM
B3aUMOJICIICTBUEM, aHAJOTUYHBIM B3aUMOEHCTBHUIO BO30YKJICHHBIX COCTOSHUM
MOJIEKYJIBI (4acTh «0» Puc. 1.)

& 7]
- F E —
Ay ! ! A+
: RS Ez | - E3
Y | YV |
° E, ° z,
: 4
! E1 El

CxeMBbl OTHOCHUTEJILHOTO MOJIOKEHUS YPOBHEH 3HEPIHU YETHIPEXYPOBHEBOM MOIETH MOJICKYIIBI
Y MOJIENIH U3 JIBYX JIBYXYPOBHEBBIX aTOMOB C YKa3aHUEM YYUTBHIBAEMBIX I1EPEXO0B MEXKIY HUMHU.
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I'amuneTOHMAH O6H16ﬁ CUCTCMBI U3 ATOMOB U I10JIA U3JIYYCHUA:

H=H+,H+W+H  +,H +V+,/ ,

rae, H (, H ) — raMHIBTOHHAH IIEPBOTO (BTOPOro) atoma, W — omeparop SHEPruu
JTMHAMHYECKOTO B3aMMOJACHCTBYS Mexay aromamu, ,H ,(,H,) — raMHIbTOHUAH
o— (v—) Moz nosnst uryopecueniuy; ¥ (L)) oneparop SHepriuy B3auMOACHCTBHUS
MEX]Ty TIEPBBIM (BTOPBIM) aTOMOM H TIOJIEM M3ITy4eHus (MU 1ojeM (POHOHOB).

Bekrop cocrostHust o011ieit CUCTEMBI MPEICTaBUM B BUJIE TEH30PHOTO MPOU3-
BE/ICHUS COCTOSIHUM Ka)JI0TO M3 aTOMa U COOTBETCTBYIOLIETO MO (pyopecieH-
1107078

‘WAB(XI,Xz,I)lpf> =‘IPB(X2J) wf1>®‘mA(Xl’t)Wf2>

e Xi COBOKYIMHOCTb KOOPAWHAT, OIIMChIBAIOIUX IPOCTPAHCTBECHHOEC I1OJIOXKE-
HHC IICPBOI'O aTOMaA, a X, — BTOPOI'0 aTOMaA,

CoOTBETCTBEHHO, Oa3UCHBIE COCTOSHUS JJIsi ONMMCAHUU OOIIEeH CHUCTEMBI U3
JIByX aTOMOB U TOJSI U3JIYYEHUS! TAKKe MPEACTABISIOT COOOW TEH30pHOE Mpo-
U3Be/IeHUE 0a3MCHBIX COCTOSIHMM aTOMa U COOTBETCTBYIOIIETO IMOJISI U3JTyYESHHUS.
[Ipu aTOM, 117151 ONIMCaHUsl TMHAMUKY 3aCEJIEHHOCTH COCTOSTHUM OOIIeH CUCTEMBbI
IIpU CIOHTAHHOM (DITyOPECILCHIIUU U3 TePBOHAYATIBLHO BO30YKIEHHOTO OJTHOTO U3
aTOMOB, MOXKHO OTPaHMYMUTHCSI MCIOJIb30BAHUEM OPTOHOPMHUPOBAHHOIO Oa3uca
MIPOCTPAHCTBA COCTOSIHUM IBYXaTOMHOM CUCTEMBI U MOJISI U31y4YE€HUs, COCTOSIIIE-
T'O M3 YEThIPEX CIEIYIONIIUX COCTOSTHUNA 3TOM OOIIEel CUCTEMBI.

Bynem 0003Hauarh Kax10€ U3 3TUX O0a3UCHBIX COCTOSIHUM YEThIPbMSI UHIEK-
caMu, MEPBbIE JIBA U3 KOTOPBIX XAPAKTEPU3YIOT COCTOSIHUE MEPBOIO aTOMa U CO-
CTOSTHUE TIOJISI COOTBETCTBYIOLIEH o— (piIyopecleHIIuu, a BTOPbIe — COCTOSTHUE
BTOPOIO aToMa M COCTOSIHME IOJIsI COOTBETCTBYIOIIEH v— (hiryopecueHuuu. Jis
CpPaBHEHHUS C MIPOBEJCHHBIM PACCMOTPEHUEM JTUHAMUKHU PEAKIUU IIPU UCIIOIIB30-
BaHUU YETHIPEXYPOBHEBOI MOJIEIM MOJIEKYJIbI, COXPAaHUM COOTBETCTBYIOIIYIO HY-
MEpALHIO, TAK YTO HaYaJIbHOE COCTOSIHKE |4020) 001Ieif CHCTEMBI — 3TO COCTOSIHUE
JIBYXaTOMHOM CHUCTEMBI U IOJIS1 U3IyYEHMsI, B KOTOPOM IIE€PBBIM aTOM HaXOJIUTCS
B BO30Y>KJIEHHOM COCTOSIHUU C COOCTBEHHOM sHEepruei E,, nojie GuyopeclueHnu
B cocTossHuM 0, a BTOpOM aToM — B OCHOBHOM COCTOSIHUM C COOCTBEHHOU 3HEp-
rueit £, u none guyopecuenuuu B coctosuuu 0. Crenyroniye Tpu 6a3ucHbIX CO-
CTOSIHMS o6mielt cucTeMsl: |1030), [102v) U [1020). COOTBETCTBEHHO, KaX10€ M3
3HaYEeHUI COOCTBEHHOM 3HEPIUU OO CUCTEMBI M aMIUTUTYAbI ’TUX COCTOSHHMA
OyZ1eM oMeuaTh COBOKYITHOCTBIO YEThIPEX UHACKCOB: E,,s by, (¢) 1 T.11. I1pu Hc-
MOJIb30BaHUH TaKOTO BHIYMCIUTENIHLHOTO 0a3rca MOJyYaeM CIEAYIOUYI0 CUCTEMY




80 B.A. Mopo3os

ypaBHEHU 11 KO3PPuImeHToB hypbe-rpeACcTaBICHHs aMIUTUTY]l 3aCEJICHHOCTH
COCTOSIHUI 00111el CHUCTEMBI U3 JBYX aTOMOB M MOJEH (IIyOpECICHIINN:

(E - E4O20) ) G4O20(E) = W:t-l(;);(;) G1030(E) + E 11/410UG1020 + 17
(E - E103O) ) G1030(E) = VVI?)(;(Z)OG4OZO (E) + E ZV;%)VGIOZV 2 (2)

(E - Emzo) ’ GIUZO(E) = 1V40 G4020 (E) >

lo
(E- E102v) ) G]()ZV(E) = 2V23vo G1030 (E)

Ecau BMecTO HMCTHOSIb30BAaHHOTO MpH perieHuu cucteMbl (1) o0o3HaueHus
E,, - E,, = 2hA ucmionb30BaTh o003HauYeHUE E,,, — E,y;, = 2A+ (E, —E,) = 2HA, TO pe-
IICHUS CHCTEMbI YpaBHEHUH (2) UMEIOT TaKOH K€ BUJI, KaK PEIIICHHSI CHCTEMBI ypaB-
Henuii (1), BKOTOPLIX W3aMEHEHO HaW = /™' W,ow =1 ' W', V., 3aMeHeHOHA,V ;) V2

~ _ 2 ~ 2
3AMCHEHOHA V.7, = V3 = y—Hay =t > | i 8(Ey, - E,) = ah > 3| Vo[ 8(Ey - B,

En—-HaE,,=E,+E,y Ey—HaE; =E,+E,, E,-HakE,, =E, 6 +FE,, E, —Ha
E,, = E, +E,,. C ydeToMm 3TOTO, BMECTO b, (W,7,At), P(W,7,A,t) IJIs 4EThIpEXy-

POBHEBOM MOJICKYJIbI U OIS U3nyudeHus (rae n +40, 30, 1o, 2v), 1Jisi CUCTEMBI U3
JBYX JIBYXYPOBHEBBIX aTOMOB M TIOJII M3Iy4deHHUs OyIeM HMMETh COOTBETCTBYIO-
1Me BIpaxkeHus b (w,7,A,1) 1 P.(w,7,A,1), Tae n+4020, 1030, 1020, 102v.

Takum o0Gpa3zom, pe3yabTaTbl MOACIUPOBAHUS JUHAMUKN PACCMaTPUBAEMbBIX
dboTopeakiuii OAMHAKOBBI MIPU MPUMEHEHHUH JBYX HCIOJIb30BAHHBIX IMOAXO/IOB
IpHU PaBEHCTBE MapaMeTpoB W, 7, A napamerpam w, y, A. OTiinuue BETUYUHBI W
OT BEJIMUMHBI W, 7 OT ¥ U A OT A 00YCIIOBIMBAET Pa3HUILy MEXKITY 3aBUCUMOCTSIMH
P.(w,y,At) H E(W, 7. A0, 1 pasHUILy MeXTy 3PHEKTUBHOCTBIO peakiuu R(w,y,A)
v R(w,7,A). DT PasHUIEI U OTPAKAIOT OTIMYHE PE3yILTaTOB MOJETUPOBAHHS
JUHAMHUKHA paccMarpuBaeMoi (OTOpeakiMu MpU HCHOJIb30BAaHUU B KAYECTBE
MOJIEJId MOJIEKYJIbI YETHIPEXyPOBHEBYIO YAaCTHUILy OT PE3yJbTAaTOB MOJEIUPOBa-
HUS 3TOU (HOTOpPEAKIIUU TPHU UCIOIH30BAaHUU MOJIEIN U3 JIBYX JBYXYPOBHEBBIX
yactull. [IpeacraBnser uHTEpeC ONpPeNeIuTh XapakTep U3MEHEHHUS! OTMEUEHHBIX
MOJIYYEHHBIX 3aBUCUMOCTEN XapaKTepUCTUK JUHAMUKH (OTOPEaKIMU B 3aBHCH-
MOCTH OT U3MEHEHUS BEJIMUUH W, } IO CPABHEHUIO C W, ¥, KOTOPOE OMPEAEIACTCS
CTPOCHUEM pacCMaTPUBAEMbIX KOHKPETHBIX MOJIEKYISIPHBIX CHUCTEM U OT U3Me-
HEHHs BEMYHH A U A, KOTOpoe 00yCIIOBIEHO pa3HOi GOpMOii 3aMmicH pasHOCTH
YPOBHEN IHEPTUM MEXKIY COCTOSIHUSMH YaCTHUI] B PACCMOTPEHHBIX MOJEISAX U
NPOSIBIIAETCS TIPH HEBBIPOKIACHHBIX YPOBHAX £, M £ . JIOCTAaTOYHO IOIHOE MPEJ-
CTaBJICHHE OTHOCHUTEILHO MPOSIBJICHUS XapaKTEPHBIX CIydaeB TAKUX WU3MEHCHHM
JTUHAMHKH (DOTOPEAKIIME MOKHO COCTaBUTh HA OCHOBE PaCCMOTPCHMS MPHUBEICH-
HBIX HUKE JIBYX IPUMEPOB.
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CpaBHeHMe pe3yrnbraToB NPpUMeHeHnda ABYyX nogxonos

NnnrocTpaniyio oTInuus pe3yabTaTOB MOACIUPOBAHNS TUHAMUKY (HOTOpEeaK-
[UU, KOTOPOE 00YCIOBICHO OTIMYMEM BEJTUUMHBI W OT BEJIMUUHBI w, TEMOHCTPH-
pyet Puc. 2. Ha aToM pucyHke mo ocu aOCIIUCC OTJIOKEHO BpeMsl B €IUHUIIAX
()™, a 0 OCH OpAMHAT OTIOXKEHBI 3HAYEHHUS 3aCETEHHOCTH BO30YKIEHHBIX CO-
CTOSIHUM MOJIEKYJBI P, IpU n =40 U NIpU n = 30, 1 COCTOSHUN 3aCEIIEHHOCTH BO3-
Oy’>KJICHHBIX COCTOSIHUI aTOMOB 13,1 1pu n = 4020 u ipu n = 1030. CIITONIHBIMU KpH-
BBEIMH M300paskeHbl QYHKIUH P (f), a INTPUXOBBIMU KPUBBIMU — (QYHKIMH P, (f).
VYroneHHbIe KpUBBIE H300pakaroT 3aBUCUMOCTH P (f) U IN’4(t), a TOHKHE — 3a-
BucumMocth B (1) ¥ P (¢). JIast KpaTKOCTH, Ha 9TOM PUCYHKE y KPHBBIX, TOMEUCH-
HBIX OykBamu P, uin P, IIPUBEIEH TOJIBKO OJMH MHJEKC 4 UM 3 BMECTO IIOJIHO-
ro Habopa uucen 40 unu 30 u, coorBercTBeHHO, 4020 nnu 1030. 3aBUcUMOCTH
P (1) COOTBETCTBYIOT 3HAYEHUSIM W= Sy A =5y, 3aBUCUMOCTH IN’n(t) — 3HAYCHUSIM
W=7y u A=5y =A.

R, () — , . - '

2

5 t(?/-l) 3

CpaBHeHME TUHAMUKY 3aCEICHHOCTH BO30YK/ICHHBIX COCTOSHHUN YETHIPEXYPOBHEBOI MOJIEKYJIBI
C BBIPOX/ICHHBIMU YPOBHSIMU OCHOBHOTO U TIEPBOTO BO30YKICHHOTO COCTOSIHUS
U JIByX JBYXYPOBHEBBIX aTOMOB IIPY Pa3IMYHbIX 3HAYEHUAX KOHCTAHThI B3aUMOAEHUCTBUS
uX BO30Y>KJICHHBIX COCTOSTHUH (IIOSICHEHUS B TEKCTE).
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Kak BUIHO W3 3TOro puUCyHKa, NPU YBEIWYEHUU 3HAYEHUS W [0 CPABHEHUIO
CO 3HAYECHHUEM w XapaKTeP 3aBUCUMOCTEU 13,1(t) CYILIECCTBEHHO OTIIMYAETCS OT Xa-
pakTepa 3aBucumocte P (¢). Tak, pyHKIUM 13”(t) OCIMJUIUPYIOT OBICTpEE COOT-
BETCTBYIOIUX QYHKIUHN P, (f) 1 UX OCHMJUIALIMY BhIpAXKEHBI O0Jiee YeTKO; 3HAYH-
TE€JIbHO Pa3In4yaroTCs MOMEHTEI BPEMEHH, IIPU KOTOPHIX E(t) = E(t), OT MOMCHTOB
BpEMEHH, TIPU KOTOPBIX P,(¢) = P(); 3 ()EKTUBHOCTh pPEaKIMK YBEIUYUBACTCS:
R(w=5y,A=5y,7)=025,a R(Ww="Ty,A=5y,7 =y)=0.33.

OtMetnm, yTo Puc. 2 WUIIOCTpUPYET OTIMYME BUAA TWUHAMUKH BTOPHUYHOU
doTopeakuu 4eThIPEXypOBHEBOM MOJIEKYJIbl U JIByXypOBHEBOW JBYXaTOMHOM
CHCTCMBI, XapaKTCPU3YIOIUXCsA 3HAYCHUsIMU E, - E, =2A, E,-E =0, T.e. IpH
BBIPOXKJICHUM OCHOBHOTO M TMEPBOT0 BO30YXKIECHHOTO COCTOSIHUS YETHIPEXYpPOB-
HEBOU CUCTEMBI, IIPU KOTOPOM A = A VI OJIUHAKOBbIE 3HAYEHHUS] DHEPIrUu OCHOBHBIX
COCTOSIHUM aTOMOB. 3aMETUM, YTO MPHU CHATHUU 3TOTO BBIPOXKIECHHS paccMaTpH-
BacMmasl JMHAMUKA 3aCEJICHHOCTH COCTOSIHUM YETBIPEXYPOBHEBOW YAaCTUIIbI HE
MEHSETCs, TOIZAa KakK JMHAMUKA 3aCEJIEHHOCTH COOTBETCTBYIOLIMX COCTOSTHUU
JIByXaTOMHOM CHUCTEMBI MEHSETCS, HE3aBUCUMO OT COOTHOLICHMS 3HAYECHUW Ia-
pPaMETPOB YaCTULl W U w, KaK 3TO BUJHO U3 CPABHEHUSI IIOJIYYECHHBIX BBIPAXKECHUN
P.(w,y,At) ¥ P.(,7,A,t) IpH A=A ¥ Ww=w.

1P, (1)
P (9

n

08}

25 _ 3
t(y™h)

CpaBHEHHE TUHAMUKH 3aCEICHHOCTH BO30YKICHHBIX COCTOSHHIN YETHIPEXYPOBHEBOM MOJIEKYJIBI
U COCTOSIHUM BYX [IByXypOBHEBBIX aTOMOB IIDH BBIPOXKIECHHBIX U IIPH HEBBIPOJKICHHBIX YPOBHAX
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OCHOBHOTO ¥ IIEPBOTO BO30YKIEHHOTO COCTOSHHS YETHIPEXYPOBHEBOH MOJIEKYIHI (TIOSICHEHHS B TEKCTE).

Ha Puc. 3 usobpaskensl QyHKuuu P.(w,y,Af) ¥ P (W,7,A,f), oTpaskkaromye
paznuyue BUAA JUHAMUKHM BTOPUYHOM (POTOpEAKIMU BBIPOXKICHHOW M HEBBI-
POXKIACHHONW YETBIPEXYPOBHEBOM YaCTHUIBl OT JUHAMUKH COOTBETCTBYIOLICH
JIBYXypPOBHEBOM JIByXaTOMHOW CHUCTEMBI, XapaKTEPU3YIOLIUXCS 3HAYCHUSAMU
E,-E,=2A, E,—E =2A, T.e. A=2A.Paccmorpen ciyuait w=5y1 A=5y. Bee
0003HaYeHHs] Ha TOM PUCYHKE COBIAJAIOT ¢ 0003HaueHUsIMH Ha Puc. 2, kpome
3aBUCUMOCTHU E(t), KOTOpasi COOTBETCTBYET 3HAYCHUAM W =5y =w, A=2A=10y,
y =y, TorJa Kak Ha Puc. 2 ona COOTBETCTBYET 3HAYECHUAM W = 7y , A= Sy =A, y=v.

Kak BUIIHO U3 cCpaBHEHMS pa3HBIX KPUBBIX, IPUBEICHHBIX Ha Puc. 3, mexnay
co0Ol U C COOTBETCTBYIOIIMMHU KPUBBIMH, PUBEACHHbIMU Ha Puc. 2, . Bcien-
CTBHUE CHATHUS BBIPOXKIEHUSI OCHOBHOI'O M IIEPBOr0 YPOBHEHN YETHIPEXYPOBHEBOU
YACTHIIBI, KOTOPOE OTPAKAETCS HEPABEHCTBOM A > A, (GyHKIMH P (f) OCIMILIH-
pPYIOT OBICTpEe COOTBETCTBYIOIIMX (PYHKIUH P,(f) — Tak ke, KaK ¥ BCJICICTBUE
yBeIMUeHUs napamerpa w (cM. Puc. 2.) — olHako WX OCHMJUISIUU 3HAUUTEIHHO
MEHBIIIE BBIPAXKEHBI; 3HAUUTEIBHO PA3JIMYarOTCsl MOMEHTBl BPEMEHHU, IIPU KOTO-
pBIX B(t) = E(t), OT MOMEHTOB BPEMEHH, NPU KOTOPHBIX P,(¢) = P,(¢); 7hHEKTUBHOCTH
peaKkuuu yMeHbIIaeTes: R(w = 5y,A =5y,7)=0.25,a R(#w = 5y,A =10y,7 = y) = 0.1.

3aknoyeHue

[Tonmy4yeHHbIE BBIpAKEHUS 111 3aBUCUMOCTH OT BPEMEHH 3aCEIIEHHOCTH COCTO-
SHUM 4aCTHI] TP PACCMOTPEHHBIX BTOPUYHBIX (DOTOMPEBPAIICHUSIX OTPAKAIOT
CYILLIECTBEHHBIE PA3JIMYUs XapaKTepa JUHAMHUKHU 3TUX NPEBPALIEHNN, ONMChIBAC-
MOM JABYMsI COOTBETCTBEHHO ITPUMEHSIBIINMHUCS NOAXO0AaMU. B cirydae BbIpoxe-
HUS ABYX HWKAMIIMX YpOBHEW YacCTHI] 3TH paziuyusi 0OyCIOBICHbI Pa3IMuYUEM
KOHCTAHT, XapaKTEePU3yIOUINX B3aUMOACHCTBUE MEXAY JIByMs BO30YX ICHHBIMU
COCTOSIHUSIMHM YaCTHUIl U UX CIOHTAHHBIMA pacmaj, a B 00IIEeM Clydyae HEBBIPOXK-
JNEHHBIX OTMEUYEHHBIX YPOBHEHN pa3IMuMs XapakTepa JMHAMUKU UMEIOT MECTO He-
3aBACHMO OT OTMEYEHHOTO Pa3JInuns KOHCTAHT. Pa3nuune xapakrepoB TMHAMUKHU
pEaKIMN YETHIPEXYPOBHEBOM YaCTHIIBI U JBYX JBYXYPOBHEBBIX YACTHI] OTPAXKAET
paznuyue B ONMMCAaHUU MEXaHW3Ma paccMaTpuBaeMbIX (POTONpPEBpALIEHUN HAHO-
yacTul]. COOTBETCTBYIOIIYIO pa3HUILy XapakTepa AMHAMHUKU 3TUX (hoTompeBpa-
LIEHUH CIEAYET UMETh BBUY IIPU MHTEPIPETALNH SKCIEPUMEHTAIBHBIX JAHHBIX
U3YyYEHMS JUHAMUKH (OTOMPEBPAILCHUI HAHOYACTHUI] U ONPEIETIEHUSI UX CTPYK-
TYpPHBIX ITAPAMETPOB.
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OF SECONDARY PHOTOREACTIONS
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Two approaches to modeling the dynamics of secondary phototransformations of individual
nanoparticles are considered. In one of them, a four-level particle initially excited to the state
with the highest energy value is used as a model, and in the other — a model of two two-level
particles, one of which is initially excited. For each of the approaches, based on solutions of
the Schrodinger equation for the states of the common (composite) system of particles and the
spontaneous fluorescence field expressions for the population of 4 particle states of particles
as a function of time are obtained, which reflect the dynamics of secondary photoreaction.
The differences in the characteristics of reactions dynamics described by the two approaches
are established. An explanation of the origin of such differences is given. Examples of the
established differences of these characteristics are illustrated by the images the dependences
on the time of the population of the states of the particles used in the two models.

Key words: mathematical modeling, composite system, the dynamics of the populations of the
states of the nanoparticles, the secondary photoreaction.
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B pabote paccmoTpena munuHapudeckas joByiika [IeHHMHra B ciydae TPexX4yaCcTOTHOTO
pe30HaHca B OTHOUIEHUH . B yCIOBUAX BTOPUYHOTO pe30HAHCA MOCTPOEHBI HENPUBOAUMbBIE
MpeACTaBICHUs] BTOPUYHON anreOpsl cumMmeTpuid. HalieHa acuMnToTHKa CriekTpa U coO-
cTBeHHbIE QYHKINU 3(H(PEKTUBHOTO FraMUIBTOHUAHA JIOBYIIIKH.
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1. BBegeHue

JloBymika [lenHuHra — ycTpoMCcTBO, MCHOB3YIONIEE KOMOMHAIIUMIO CTaTH4e-
CKOTO 3JIEKTPUYECKOTO W MAarHUTHOTO TOJIeH JUIsl yepKaHUs 3apshKEHHBIX Ya-
ctul [1]. JIoBymIKM MOTYT HUCIOJNB30BaThCS [JIs BBICOKOTOUHBIX HM3MEPEHUI
CBOMCTB 3apsKEHHBIX yacTull [2-8], uiaum urpate poib kyouta [9]. Craruueckoe
ANIEKTPUUYECKOE TOJIE CEJJIOBOrO TUIA B MACAIBHON JIOBYUIKE CO3MAETCSl CUCTE-
MOM Tpex AIIEeKTPO/IOB, UMEIIMUX (HopMy runepOoson10B. PeaabHbie TOBYIIKH
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MMEIOT KOHEUYHBIN pa3Mep U Pa3IMuHyI0 FEOMETPHUIO YIPABIISIIOIINUX 3JIEKTPOAOB
[1]. B nanHO# paboTe paccMaTpUBaIOTCS HUIMHAPUYECKHUE JOBYIIKHU C TUIOCKUMU
KOHIIEBBIMM 3JI€KTpofamMu. Takoe yCTpONCTBO JIOBYIIKM UMEET HEKOTOPBIE Ipe-
UMYILIECTBA, HapuUMep, npoctory uzrorosienus [10,11], mo cpaBHeHuUto ¢ ru-
nepooanyeckoit (hopmoii.

Monenps noByumiku [IeHHMHTa OpeCTaBISIETCA TPEXYACTOTHBIM OCLUJUISTO-
POM, 4aCTOThI KOTOPOTO 3aBUCAT OT BEJIMUMHBI AJEKTPUUECKOTO U MAarHUTHBIX MO-
neil. ['aMUIIbTOHHUAH JIOBYIIKM UMEET OECKOHEUHOE CIIEKTPAIbHOE BBIPOXKICHUE.
[Ipyn HEKOTOPOM pPE30HAHCE YACTOT YBEIWUYMBAIOTCA IIEJIN MEXY SHEpreruye-
CKUMH YPOBHSIMH BIUIOTH JO 3HAUEHUH, Pa3IMUUMBbIX B dKcniepumente [12-16].
B cnydae pe3onanca anrebpa cuMMETpuil OCHOBHOM YaCTH TaMHJIBTOHHAHA 3a-
JAeTCsl HENMMHEHHBIMA KOMMYTAallHOHHBIMM COOTHOLIEHUSAMHU. [Ipr 3TOM MOXKHO
no00paTh PE30HAHCHOE YCJIOBHE HAa BO3MYILEHHE MAarHMUTHOIO MOJs (BTOpUY-
HBI PE30HAHC), KOTOPOE MPHUBEAET K YBEIIMYEHUIO YHEPreTUUECKHX IeTeH, Mo-
SIBJISIFOILIUXCSL OT BO3MYIIEHUN MIIaAUX nopsaakoB [13]. B ycioBusix BTopudHO-
ro pe3oHanca 3(PQPeKTUBHBIA TAMIJIBTOHHAH JIOBYIIKA MOXKET OBITh pean30BaH
muddepeHnanbHbIM ONepaTOPOM BTOPOTO MOPSIIKA.

JloBymika onpeneinsieTcss Tpems napamerpami [12]: ato pasmep KOHIEHCATo-
pa r, MarHUTHAsl JJIMHA [, = % U pa3Mep HEOJHOPOJHOCTH MATHUTHOTO MOJIS

0
L' =VB/B,, yepe3 KOTOpbie MOXKHO BBIPA3UTh CIIEAYIOIIHE Oe3pa3MepHbIe apa-

MCTPBI:

£= \/% — MaJblil TapaMmeTp,
(1)

0
h=,|= — s dexrusnas mocrossuuas [Taanka.

B kauectBe BO3MYIIEHHS MOPSAJIKA € PACCMATPUBAETCS MajO€ OTKJIOHEHHE
MarHUTHOTO MoJisl. B kauecTBe BTOPUYHOrO BO3MYILEHHS pacCMaTpUBAETCs -
HEelHasi HEOTHOPOIHOCTh MarHUTHOTO 1ojis (rmose Modde).

B pabote Haiinena anreOpa CUMMETpPUN YCPEIHEHHOW MOIMPABKH IEPBOTO
NopsAJIKa K OCHOBHOMY raMUJIbTOHUAHY JOBYIIKU. [lo oOuum metomam [17] mo-
CTPOEHO €€ HEMPHUBOJUMOE MPEACTABICHUE B MPOCTPAHCTBE AaHTUTOJIOMOP(HBIX
¢yHkuui. CriekTp ¥ NpuOIMKEHHbIE COOCTBEHHbIE (DYHKIIMM BBIPAXKEHBI Yepe3
COOCTBEHHbBIE 3HAUEHHUSI U COOCTBEHHbIE (DYHKIIUK BTOPUYHOTO YCPEIHEHHS B He-
IPUBOJMMOM NPEICTABICHUY.

2. AneKTpUYeCKM NoTeHuMan UMnMHAPUYEeCKON NOBYLLKU

[IycTh KONBLIEBOM 3MEKTPOA UMEET (hOpMY LIMIIMHIpA PAAyCa r U BBICOTOM /
. bynem cunrars, 4TO Ha €ro MOBEPXHOCTHU MOAAEP)KUBAECTCA noTeHnuan U,. Kon-
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LIEBBIE DJIEKTPOJIbI UMEIOT IMIOCKYIO KPYIIyt0 opMy U 3a3eMiieHbl. Toraa nmoTeH-
AAJI BHYTPHU LUIMHIPUYECKOMN JIOBYLIKH SIBJISIETCS PELIEHUEM 3a1a4du Jupuxiie
111 ypaBHeHus Jlaraca:

34C€Chb BBCACHA OPTOIOHAJIbHAA CUCTCMA KOOPAHUHAT X, ),Z C HCHTPOM B LICHTPC
JIOBYUIKH U z, HaHpaBHeHHOﬁ BJ0OJIb OCHU IMUJIMHpPA.

Jlemma 1. Onexmpuueckuii nomenyuanr 6Hympu YUIUHOPULECKOU N08YULKU
llennunea 3a0aemcs ghynxyueii:

[2e)o(2]
D(p,2)=U, I_Zu 4

e o’ =x*+y*,J,,J, — pyuxyuu Beccens nepeozo pooa nopsioka 0 u I coom-
8EMCMBEHHO, a W, — HYau J,,.

JeNCTBUTENBHO, MOA0KUM & =W + U, ¥ IEpEeUIeM K HUIUHAPUIECKUM KOOP-
auHaraM (0,6,z). 3aMeTuM, 4TO IOTEHIIMAJ HE JOJDKEH 3aBHUCETh OT € H3-3a Ha-
JIMYWH BPAIIAaTeIbHON CUMMETPUM OTHOCUTEIBHO OCH HWJIMHApPA. B HOBBIX KOOp-
JUHATaX UMEEM:

1 9 ( 0¥\ o'W

——|p—|+—=0,
0 90 00 0z

v, =0, ¥[_,=-U,.

[TonyueHHOE ypaBHEHHE peIIaeM pas3zieiieHueM mepeMeHHbIX. [lomoxum
W = R(p)Z(z). llonyuaem:

PR"+R' + ApR =0, Z"+AZ =0,
{R(r) -0, Z(~h) = Z(h) = U,

Cnesa Mbl nontyuwiin ypaBHeHue beccens HyneBoro nopsiaka. Ero pemenue —
R(p)=CJ, ( o ) N3 rparnyHOTO ycnoBus R(r) = 0 nomyuum CJ,, (rﬁ ) =0,H0C =0
2

(uHaue R(p) = 0). CnegoBaTenbHO, 4, = (ﬂ) , The 4, — Hynu J,,.
r
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yz;
Mkz M

N3 BTrOporo ypaBHeHust HaxonuM Z,(z) =Cie” +Cee " .
B nrore nonyyaem

7

78 A\
qj(p’z)=2(qk€r +Cye )Jo(_kp)-

N3 ycnosus W(o,-h)=W(p,h)=-U, naxonuMm, 4to C, =C,, =C,, a 3HAYUT,

-U, = E v/, (ﬁp), rae y, = 2Ckch(ﬁh). YMHOXKHM TOCJIEIHEE PABEHCTBO HA
r r
pJ, (“— ,0) U IpOUHTErpupyeM o0e gactu oT 0 10 7 YIUTHIBASI, YTO
r

0, m=n,

pro(&p)Jo(@p)dm 1,
| r r Er J(un,),m=n,

a TaKkxKe
r ‘Uk r2
foJy| ==p|dp =—J(1).
0 r Mk
2U, -U,
Haxomum y, = —ﬁ, ciiegoBarensHo, C, = o\ Takum obpa-
3om, et e ]
(2o
W(p,z) = —UOZ ’ A
wJ, () chl & p
r
Y OKOHYATEIbHO':
(2o)o(2]
®(p,z) =U, 1-2 . ()
k

r

r
wd\(u) Ch(h) '

! MoxeT moka3arbcsi, YTO MOTEHIMAT HE COBIAIAeT C pacueTaMy Ul LMIMHIPHYSCKUX JIOBYIIEK B padoTax
[10,11]. Onnako, Ha caMOM Jielie 3TO pa3HbIe 3AIMCH OHOM U TOH ke QyHKIMH. [loaydnTh Npyroii BUI MOXKHO,
MIOMEHSB MOPAJOK PELICHNs ypaBHEHUN Ha R U Z.
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Haiinem pasznoxeHue 3JeKTpUYEcKOro noTteHuuana (2) BOJIM3M LEHTpa JIo-
BYLIKH. B crily cuMMeTpuM UMIMHApPA U KPAEBBIX YCIOBHM, pa3ioxkeHue OyaeT
UMETh BUJ:

D(0,2) = D(0)+(4p” + Bz*) +(Cp" + Dp’z* + Ez*) + (Fp° + Gp'z* + Hp’z' + I2°) + O(q").,

[ToncTasinsist 3TO paznoxeHue B ypaBHeHHe Jlamiaca, HaX0UM 3aBUCUMOCTHU
MeXxay KodphuimeHTaMu

I18F+G =0,
8C+D =0,

24+ B =0; 4G +3H =0,
D+3E=0;

15/ +2H =0.

CrnenoBaTeibHO, MOXKHO TIPEAICTaBUTh MOTEHINA (2) B BUJIE:

®(p,z) = P0)+ a2z’ - p°) +ﬁ(3,04 —-240°2" +8z%) +
P 8

Jr%(s,o6 _90p*z> +1200%2* ~162°) + O(¢"),

r1e a, f,y UMEIOT BU/I:

9°D
20 90°

1 9°D 1 9'®
— 0,0); =—
4 9z* ©.0) p 24 9z*

‘ —

0,0); 7y

(0,0).

~

Jiis koaddunrenta a uMeeMm:

a=£2°2 H )
" lek)ch(‘fh)

h
[Toxokast 3aBUCUMOCTh @ OT cooTHoueHust — (Puc. 1) yxe naGmionanach B
r
paborax [10,11].
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10F

05

1. 1.
ﬁ 0 5
r

h
Pucynoxk 1. 3aBucumocts koddduienTa o ot —.

3. TaMunbTOHMaH LUNNHOPUNYECKON NTOBYLLUKU

[Ipennonoxum, 4T0 MArHUTHOE I10JI€ B JIOBYIIKE B IJITABHOM SIBJISIETCS OJIHO-
POIHBIM W HAIpaBJIEHO BAOJbL OCH z. B KadecTBe BO3MyIeHUI OyzneM paccma-

TPUBATh MaJIO€ OTKJIOHEHUE U JTUHEUHYIO HEOJHOPOAHOCTh MarHUTHOTO 1noJis. To
ecTb, OyzieM paccmarpuBath nojie B Buna

0 B, B = b 2y, 2y,
—=|0|+¢£|B, +e’ 2y, By - b, 2y, Y
’ 1 B3 2}’2 2?/1 ﬁ] _/32 z

C yyeToMm BO3MYUIEHU, TAMUJIBTOHUAH JIOBYIIKH MPUMET BHU/I:

2

A 1 " A ~, A
H=_(p _E(A0+£A +&°4 )) +ed,
2m c

A L, 0 . d 0
rne p'=|-ih—,-ih—,-ih— |, a ¢ onpenensercs B (1).
ox dy 0z

-y B,z - B,y (@ =)= Byz
A4, =B,| x |, A'=7° Bix-Bz |, A"=B,|y,(x’-z")-pBzx|.
0 B,y-B,x

}’3()/2 _x2)_ﬁ3xy
Janee nepeiiziemM Kk 6e3pa3MepHbIM EPEMEHHBIM

|

Y=
S =
N N

3

(ql’q29QS) =(
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2

v eBO2 7
¥ BEIHECEM Pa3MEPHBII MHOKHUTENbe® |, Tae & =——.B06e3pazmMepHbIX KO-
mc

. 1
OpJIMHATAX JIEKTPUYECKHI IIOTEHIHA IPUMET BUL D(q) = — w(2q; — g} —q3) + O(q*).

3,IICCI) n Jajce 6y,Z[€M pacCMarpuBaTb raMMJITOHUAH oe3 PasMEPHOro MHOKHUTC-

H
JIsI, TO €CTh ——a H.
(I)O

A A A \
[TpeacraBum ramuiasToHuaH B Bujae H = Hy+eH, + ¢ H, +O(¢”), tie

A

A, =

A

1 A2 oA An A on
5(193 + P34+ P4 2(pdy — prd) + (- @) +q2) +20°q, ),
H = _((]51 +,)(B,d; —Bq,) +(p, - 4,)(Byg, -B,q,) + p,(B,g, - Bz‘%))a
ﬁz = _((ﬁl +3)10(45 =) = Bidxd:) + (D, = 4) (187 =) = @) + + D5 (r5(d5 = 7)) - /373‘}1@2))*'
1 . . . . . .
+ g((Bz% -B,g,)" +(B,¢, -B,¢;)" +(Bg, - B,§,)’ )

3nech p; = —ihai , a h ompeneneno B (1).

q;

JIns nanpHEWIero UCCAeN0BaHNs IPUBEIEM [NIABHYIO YaCTh FaMWJIBTOHHAHA
K HOpMaJbHOHM (hopMe ¢ TTIOMOIIbI0 KAHOHUYECKOM 3aMEHBI

(11 -
q1=$41_w2(x++x_), p= NG (p, +p.),
1 1 V-’
<%=ﬁ41_w2(p+—P_),<P2=—T(x+—X_),

qs = 1 X, p3=4/§\/5p0-

Ilocie Tako# 3aMeHBI TaMHUJIBTOHHAH ]:[0 IMPpUMCT BUI
H =—(a) (PI+3)+w (P> +3)+w,(p, + % ))
0 ) D, + _\p_ - b (P 0/ )>

e w, =\1-@* =1, @, =2w. Torna npu BeiGOpe

@’ =8/9

3)

HACTYyTaeT TPEXUYaCTOTHBIN PE30HAHC B OTHOIICHUH 2 : —1: 2. AHAJIOTUYHbBIN T'a-
MUJIBTOHUAH OBLT paccMOTpeH B [12].
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4. YcpegHsawowee npeoGpasoBaHMe

[lepenuiiem nonpasku H,,H, 5 yoBbix KOOPAMHATAX U C YY4ETOM PE30HAHCHO-
IO yCIIOBUSA:

A . . . . A A B A . . . .
Hl=B3(2(pf+xf)+(pf+xf)—3p+p_+3x+x_)—T‘2(2pO(p++p_)+x0(2x++x_))+

B, fn n o ma o
+T;(2po(x++x_)+xo(p_—2p+));
B .\

2 16 (B,(p, - 15_)—82()2++>2_))2+(B3()2++)2_)—T)%0)

3Py (BB, = PG, +3) 475 ((h.  p)* (5, +5)7))+

[\S)

+(B3(IA7+ _ﬁ_)_%fco) )"'

+%(21§+ = (2B, - p+ 1 (£ =20, - 57+

+%(z)a +fc_)(ﬁ/a’2fco(fc+ +3)+7, (2, + 57 -ff?))-

BOCHOJII:.ByeMCH METOZIOM anre6pa1/1qec1<0ro ycpennenus [19,20], utoOsI ipu-
BCCTH nonpaBKnH H KKOMMyTI/IpyIOHIeMycH BULY. HaI/II[eTCH TaKkoe yHUTapHOE
npeobpasosanue U, uto U'HU = H, +eH, + £’ H, + O(¢”), tne [H,, H,1=[H,, H,]=0.
Tounble GpopMyJIbl 115 TTozicueTa U, H,, H, MoxkHo Haiitu B [12,20].

SIBHBIN BUJ YCPEIHEHHBIX TONIPABOK:

S * A A¥ A B—B A A¥ B B A¥ A
H =|B,|22,z +ZZ +3—h— ! lzzzo 1+lzz+z0
2) 2 V2

H,==(B}+B; -16B, )%, i(Bf+Bf+l2B3)2* 156(13 +B} )25, +

3 B, -iB, . .« B, +iB, P
5B3(Tz+zo+ NG ) 2\/_((7’2 )2 (2 +(r, +ir)2,(2) )
+§((2ﬁ3 -5 - _4i7/3)(2_)220 + (20, -6, - B +4l}/3)(Z ) Zo) :15}6](812 + B; +16B3),

. X +ip,
IJI€ BBEJECHBI 0003HAYEHHSA 2, = 5 J=+-0.

5. Anrebpa cummMmeTpui rmaBHOM YacTU raMUNbTOHMaHa

Haiifiem omepatopsl, cocTasisionue anreopy cummerpuii 0. C momomnisio
BBE/ICHHBIX 0003HAYEHUH % MOYKHO MIPEACTABUTh TAMWJIBTOHUAH B BUJIE:

2 A A
H, ~ const E Wz, 2z,

[=%,0
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W3 Takoi 3a1KcH CTAHOBUTCS OYEBHUIHO, YTO ONEPATOPBI BUJA 2, Z,, [ = +,0 KOM-
MYTHUPYIOT C H .

Bynem uckarp npyrue CMMMETPHUH B BUJIE 27 zk, e a,fEI U j=k, u OTpHI[a-
TeJbHBIN 110Ka3aTelb CTEHNEHU a < 0 03HA4aeT B3ATHE CONPSIKEHU Z; a (Z‘,)‘ .

Paccmorpum koMmyTaTtop [2 w2z z, 2]“2,{” ], KOTOPBIM pacIagacTCs Ha CyM-
MYy TpeX KOMMYTAaTOpPOB, U3 KOTOPBIX JIBA HEHYJEBBIX. [locunTaeM ux 3HaYeHus,
MOJIB3YSACh CBOMCTBAMHU KOMMYTATOPA!

(22,2920 1= ~haz? Zk,[Zkfk,AaA ]= —h[J’w”ﬁ

JTPTT

Otkyna nojiyyaem, 4To KOMMYTaTop [I:I “‘“/”] C TOYHOCTBIO O IIOCTOSHHOI'O
MHOXUTEISA 3TO

[H,,29% ]~—h(aa) +/3’cuk)z“2,f

Orcroza mosy4aeM yCJIoBHE Ha @, 3 aw; + fw, =0, 101Ib3ysSCh KOTOPBIM, Ha-
XOIUM elle 6 CHMMETPHMIL: Z,2,,%,2,,2,(2.), A*(z ), (2) zo,(éf)zé

Haiinennsie 9 omneparopoB MOXKHO BbIOpaTh B Kau€CTBE OOpa3yrOIIUX ajre-
Opbl cumMmeTpuii’ H, (0003HaUeHUsT BEIOpaHbI, Kak B [12]):

S =212,,8 =2'2.,8, =%,

~ Ak A ~ A A%ND A¥ND AK

L, =2,20,4,=2(2.),4,=(2)) 2, (4)
A % A AK Ak A A 2 * A 2 A

L, =2,20,4,=2,(2.)",4,=(2.) 2,

MCIKAY KOTOPBIMHU MMCIOTCS KOMMYTAalIlMOHHBIC COOTHOIIICHMA:

[S,,4,1=h4,,[S,,4,1=h4,,[S ,4,]=2h4,,[S, 4,]=2h4,

[S\’ov’ap] = _h"apa [309121(;] = h"zl(;a [Iapalaﬁ] = h"aga [‘:1:;72,0] = h‘a;a
A* ~ ~ h ~ A* ~ S -

(4, 4,]= 4h(S_ +E)AP,[AP,Ap] -h($,-$.),

[4,,4,]=h(S?+48 S, +3hS_+2hS, +2h%),

[4.,4,]=h(4S,5_+S>+2hS, +3hS_+2h%).

TakuMm 00pa3oM, MbI MOXKEM BBIPA3HUTh YCPETHEHHBIC TTOTIPABKU depe3 oOpa-
3yrolue anredpsl cumMmmeTpuit H, :

! Tak Kak raMUJIETOHHAH HO HeﬁCTByeT B TPEXMEPHOM IPOCTPAHCTBE, TO MAKCUMAJIbHOC YHCJIO HE3aBUCUMBbIX
CI/IMMeTpI/Iﬁ - 5, a 3HAQYUT B OTOM IPEACTABJICHUN MTOJTYUCHHBIC 9 CI/IMMeTpI/Iﬁ HEC ABJIAIOTCA HE3aBUCHUMBIMU.
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) .~ 3h\ B,-iB, ». B, +iB,

H =|B,[2S +S_ + =24 - 24

4, ( ( 2) V2 )

3 ~ 1 5 S o
HZ-E(B B2~ 16332)&_Z(Bf+B§+1213§)S_—E(B5+B§)S0+

+%B (B “iB, 3 BL+iB, 4 )+2f((y2 i), + (r+in) AL )+

N N
+§(<2ﬁ3 ~ B, = B, ~4ir) A, + B, - B - B+ 4ir) A, ) -

—%(Bf +B] +16B7).

6. BropnyHoe ycpeaHeHune

Tax Kak ycpeqHeHHbIE TIONpaBky H,, H, KOMMyTHPYIOT C NIABHOM 4acThIO, TO
CTAaHOBUTCS BO3MOKHBIM MepeiTH Ha COOCTBEHHOE MOAIPOCTPAHCTBO H, U pac-
CMaTpUBATh HA HeM raMunsTonnan H, + eH, [13]. JIna naneHeifmero uccnemopa-
HUSL HEOOXOIMMO IIPUBECTH HONPABKY H, K KOMMYTHPYIOIIEMY C A, Buny.

AJrebpa cUMMETpPHIA H, HETPMBHAJIBHA NP HEKOTOPHIX YCIOBUSX HAa KOMIIO-
HEHTHI B, B,, B, Bo3mymiatomero nois (cm. [12]). Pacemorpum npocteimuii ciy-
yaii, Korga:

B’ +B, =16B;. (5)

Toraa oOpasyromue umerot Buf [12]:

4=,
A, = 4 S +z§0 —&(eWA +e "4 ),
3 3 3
. . 5 A A 6
A_=ES++ESO+£(<2’¢’A +e A ), ©)
3 3 3
A \/7 iZ A _i% A
B=,—e?4 +—=e %4,
3 o \/— 4
U YIOBJIETBOPSAIOT KOMMYTAIlHOHHBIM COOTHOIIICHUSIM
[AoaB] = 2hBa [A_aB] = 2hBa [A+9B] = Oa
[B",B]=2h(A4; +24,4_+3h4, +h4_+2h%), ()

: B, +iB
TJIE @ ONPENENAETCS COOTHOIIEHUEM € = —,751 > Bz >
+
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KOMMyTaHI/IOHHBIG COOTHOILIICHUA (7) 3a1dr0T CJICAYIOIIMC 3JICMCHTBI KaSI/IMI/Ipa:

M=A4,-A4 +A4,C=A,+A - 4,,K = BB - 4,(4,-h)4._.

Uepes omepatopsl (6) MOXKHO BBIPA3UTh H, CIIEIYIOIIIM 00pa3oM:

1511=B3(221+—21_+210+%)

W
Ell =B3(121+ +M+%)

bynewm ycpenssaTs H, 110 cxeMe, ONUCaHHOM B [13], a *MEHHO, BOCIIONIB3yeMCsI

TeM, 4uTo oOpazyromiue (7) anredpsl cuMmMeTpuid H ; MOXKHO BBIPA3UTh uepe3 ore-
patopsl 4,,4 ,4,,B,B,,F,rne

¢4, +e ’4",:1; =é(ﬁ'+ﬁ'*—2\/§(ﬁ+ —12[_)),
A - A, —%(F—F)

Buaunt, 2> moxHO MPEACTAaBUTh B BUJIC JIMHEHHON KOMOMHAIIMKM ONIEPaTOPOB
A ,A4,4,,B,B ,B,,B ,F.F :
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H =—B (221 +§ 7A0 6h) 13\/_ (I:“+I:“)+

L

1 . i A —ig A
2\/—((2ﬁ3 ﬁz_/))]+4l7/3)ez+8(7/2_l}’1)e > B, +
1 -2 iZ\ A
+——=| (28, =B, - p, —4iy,)e * +8(y, +iy)e? |B, +
2\/5(( B =B - B ?/3) (7, +ir) +

iﬂ —ig A
+2((2ﬁ3 -5, =B +4i}’3)ez +4(y, —1y,)e 2)B+

i AN
+2((2/33 -5, - B —4iy)3e 2+ 4y, +i;/l)ez)B .

C IMOMOIIBIO CIICAYIOINX KOMMYTAIIMOHHBIX COOTHOIIICHUM:

2h

1 () D81

(138, +4V2B),

MOXKHO HaliTH KoMMyTarop H, ¢ Tpymrioil omeparopa H, U Jajee MocuuTarh
YCPEAHEHHBIN oneparop H, :

W | WL

1, =_B;(§;1+ +24 +7;10+6h)+gé+g-é*, (8)
@ ¥

i— —i¢
rac g=2((2ﬁ3 -B,- 5 +4i7/3)e2 +4(y, —iy)e * )

A

Teneps, korna nmonpasku H,, H, KOMMyTHUPYIOT ¥ C IJIABHOM YaCTLIO, U APYT C

JIPYrOM, CTAHOBUTCSI BO3MOXKHBIM HAWUTU aCUMITOTHKY CIIEKTpa FaMUJIBTOHUAHA
JIOBYIIIKH.

Jlemma 2. B ycrnogusax mpexuacmomuo2o pe3oHauca (3) u 6mopuiHo2o pe3o-

HaHca (5) cnekmp eamunbmonuana Yurunopuyeckou 1oeyuxu [lennunea moocem
ObIMb ¢ MOYHOCMBIO 00 £’ NPe0Cmasiet 8 uoe.

%(n+%)h+a(6m—n+%)B3h+ &2, . +O0(&),

rae 4, ., — COOCTBEHHbIE 3HAUEHUS H .

PaccmoTpum oneparopsr:
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n~ 2 ig * \/E ’ig *
b, =2e25 _ |2 25,
+ \/g + 3 0 (9)

MCKAY KOTOPBIMHU UMCHOTCA CIICAYIOINNC KOMMYTAalIMOHHBIC COOTHOIICHUS:

[b,\gab,\o] = ha[b,\;b;] =2h.

¥ +x2+x2)/2h
O603HAYNM Y, = Ce™ 020,
Hecno:KHO 3aMeTUTh, 4TO (PyHKLUK BUJIA

Viprou = Cl;é"Z;ﬁ l;h/’o ) (10)

rie C,C, — HEKOTOpble HOPMHPOBOYHBIC KOHCTAHTHI, a ¢,,¢, €I ,, OyayT SABJIATH-
csl COGCTBEHHBIME ISl OIepaTopoB byb,, bbb b’ ¢ cOGCTBEHHBIMHU 3HAYCHHSIMU
ht,, 2ht,, 2ht COOTBETCTBEHHO.

3amMeTuM, 4To

S =bb, 28, +8)=bb +bb.

CrnenoBateibHO, Yepe3 oneparopsl (9) MOKET ObITh BBIPAXKEH raMUJIBTOHUAH
H,. A 3uaunt, Gynxiuu (10) Takxe GyayT SBISATHCA COOCTBEHHBIME 1T H

I:Ioz/jto,z+ Ve %(2t+ +2t - Iy + %) hl/jto,t“t,‘

IMonoxkum 2t, +2¢t —t, =n, n€l. Kak MOXHO 3aMETUTh, n-i DHEPreTHUCCKUI
YpOBEHb OECKOHEUHO BBIPOXKJICH.
3ameTuM Takxke, 4To onepatopsl (6) Beipaxkatorcs uepes (10) caeayronum
o0pazoM:

A n A A A A2 A
Ao=b0 oan =b+b¢aB=( 0) b, (11)

a 3HauuT U H| BeIpaxkaeTcs uyepes oreparopsl (6).
Torna dbynkuus ¥, , . sBIAsIETCS COOCTBEHHOM sl oneparopa H, ¢ cOOCTBEH-

HBIM 3HAYCHUEM | 4¢, -2t +1,+ %) B.h uimn, 0003HaAUMB ¢, =m, (6m -n+ %) B.h, r11€
mer .
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7. HenpuBogumblie npeacTaBrieHUA

[TocTpouM HEenmpUBOIUMBIE TIpeicTaBlieHus anreopsl (7) B MPOCTPAHCTBE aH-
turonoMopHbIX GyHKINN. Bynem Ha3pIBaTh onepaTopsl 4, A, HEUTpaIbHBIMU, a
B’ - oneparopoM YHHYTOXKEHHSI, TAK KaK OH 3aHY/ISET BAKYYMHYIO (DYHKIIHIO ,.

B cuny (11),y,06ynet coOCTBEHHOM 1151 HEUTPaIbHBIX OIIEPAaTOPOB B IPECTAB-
neHuu (6), TO eCTh 12101/10 =aW,» A = azp,, tae a, =h(2m+2t —n),a, =2hm,a =2h .

Hanee Bocnonb3dyemcs Tem, uTo anemeHT Kazumupa K anreopsl (7) 3anHyns-
eTcs Ha HameM npexactaBieHuu (6). [lomelicTByeM UM Ha BaKyyMHBIH BEKTOD,
YTOOBI MOJIYYUTH JIOMOJIHUTEIbHBIC YCIOBUS Ha L_ :

(éé* _‘:10(’210 _h)’a_)y% =0,
a 3HAUMT, (2m+2t -n)(2m+2t —n-1)t =0. Tak kak ¢ €I, To HepBHIE aBE

CKOOKHM B IIOCJIEAHEM BBIPAKEHUH 3aHYIISIFOTCS TOJBKO MpHU n > 2m. Torna nomy-
YJaeM CJenyIollee yCIOBUE Ha £ :

0, n<2m,
n
t = E—m, n>2m, n-uemnoe,
n+l
T—m, n>2m, n-— Heyemmoe.
HNnnu
0,n<2m,
[ = [n+1]
— | -m,n>2m,
2

i€ KBaJpaTHble CKOOKHM O3HAYaIOT LEIYI0 YaCTh YUCIIA.
Torna umeem B cirydae n<2m:

a, =2hm,a_ =0, a, =h(2m-n),

a B ciy4ae n>2m:

a, =2hm,a_ =2h([n—+1] —m),ao =h(ﬂ).
2 2

[ToctpouM HenmpuBOAUMOE TIPEACTaBICHHE O OOIIEH cXeMe, OIMCAaHHOU B
[17]. [lepenuiiieMm KOMMyTallMOHHbIE COOTHOIIEHUS (7) B BUJIE:
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[B",B]= f(A), B A=@(A)B’, AB = Bg( A),
e A= (A_O,A_+,A_—), @ — BEKTOpPHO3HAuHas (PyHKIUS BEKTOPHOIO apry-
MEHTa, f— cKaJispHas (pyHKIIHsI.
Omnpenenum Ha [ | cinenyromniie QyHKIMH:

A, () = (. p(@).). F, (k)= ﬁgfmau»,

e a=(ay,a,,a_ ).
B Hamiem ciryuae, oayduM (GyHKIUH:

A, (k)
A,(k)=|A (k)|
A_(k)

rne A, =a,+2kh,A (k)=a,,A (k)=a_ +2kh.,

2
F (k)=8h'| k" + @+£+§ k+3ﬂ+$+a°az‘+a—°2+l .
h 2h 2 4h 4h 2h 4h™ 2

[Tocnenusist moxkeT ObITH TipeAcTaBieHa B Buje F (k) =B(k)C(k) cnenyromum
obpazoM:

npu n<2m:

B(k)=2h(k+m-"—1).clk)=4n’ (k+m-"-1).
2 2 2

npu n>2m:

n+1

B(k) = 2h k+—%+l),C(k)=4h2(k—m+

+1).

Tenepp onpenennm rujibOEPTOBO MPOCTPAHCTBO P, aHTUTOIOMOP(HBIX (YHK-
. BeeneM uncia s ;:

o J'EG=DcF O
7B (=DF .o B(0)

(2h)’ j! (

o)
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JIe (), — cuMBoJ [Toxrammepa.
Torna g(z) = zg,E’ NPUHAIJIEKHUT P, €Clin 25‘1 | g, | < ®. CkangapHOe npousse-

Jenue B P, 3ajaercs kak (g',g) = Eszg; g

Jlemma 3. Onepamopui

: . |
4, =AJ.(ZE), (j=0,+-).

3a0arom HenpusoouMoe d3pmumogo npeocmasienue aneeopuol (7) 6 eunvoep-
MOB8OM NPOCMPAHCIEE AHMULOLOMOPDHBIX DYHKYUL P, ¢ 8AKYYMHBIM 6EKIMOPOM

1, mo ecmv, C1=0[17].

Takum obpasom, B,C, 4,,A- — nuddepeHnnanbHble Oeparopsl MOpsiiKa He
BBIIIIE 2.

npu n<22m:
poate(zLaim-"1) coan(z Lo )4
dz 2 @z 2 2)dz
o g Sy
A =h(2m-n+272), 4 =2hm, 4 =20 L,
dz dz

npu n>2m:

pootz(z Lt CEV ) coap(z L [P 4
iz 2 dz 2 dz

a4y =n[ZCEY o2 D)y ohm a4 o[ (P ez L),
dz 2 dz

8. CemMenCTBO KOrepeHTHbIX COCTOSAHUWN
3amaauM ceMeMCcTBO KOTE€PEHTHBIX COCTOSIHUN CIIETYIOIUM 00pa3oM:

nz) =
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3aech p(0) =y,.
KorepeHTHbIE COCTOSIHHS MO3BOJSIOT CBSI3aTh Pa3HbIC MPEICTABICHUS ajre-
opsl [17]:

A4,9(2) = A;p(2), Bp(z) = Cp(2), B'p(z) = B(2).

CkansipHoe MpoU3BEICHUE JBYX KOT€PEHTHBIX COCTOSHUI €CTh BOCIPOU3BO-
nsiee sapo [17]:

(p(2).p), = STEL

= S,

=K(z,w).

Onpenenum aHasior oneparopa 1;1 , B IIPOCTPAHCTBE P, :

H =-B; %4+§A¢7%+aq+g3+gc.

(12)

Kak BuzHO, H — OOBIKHOBEHHBIIT AM(epEeHINABHBIN OTIEpaTop BTOPOTO 110~
psaka.

Jlemma 4. Cob6cmeennvie ghynkyuu 2amuibmoHUAHA 108YUKU 8 YCI0BUAX pe-
3onarncos (3), (5) ¢ mounocmvio 00 NOCMOAHHO20 MHONCUMENSL NPUOTUNCAIOMCSL.

Vi~ (23).00,02))

b
Px

20e g(z) — coocmeennvie hynkyuu ougppepenyuaibHo2o onepamopa 8mopoco
nopsoxka (12), U,U, - ycpeousitoujue npeoopaszo8anus.
Coomeemcmeyioujue um cobcmeenHvle 3HA4eHUs.:

2

= n+E h+e 6m—n+g Bh+e’4 ,  +0(&),
3 2 2

n,m,k

2oe A, ., — coocmeennvle 3navenus onepamopa (12).

baarogapuoctu

Jlannas paGota BbINONIHEHA B JlabopaTtopuu «MaremaTnyeckre MEeTO/Ibl ecTe-
ctBo3Hanus» [{OU HUY BIIID npu nonnepkke Hayunoro donma Hannonamns-
HOT'O UCCJIEIOBATEIBLCKOIO YHUBEpPCUTETA BhIcias mKojaa SKOHOMUKHU.
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CYLINDRICAL PENNING TRAP RESONANCE STATES

Safyanov G.A.
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We considered a cylindrical Penning trap under resonance. In case of secondary resonance

we constructed the irreducible representation of the secondary symmetry algebra. We found
asymptotics of the Hamiltonian spectrum and built an approximation for eigenfunctions.
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Nudopmanusa u npaBuJia 1Jjis aBTOPOB

O01mue MoJ0KeHus

Kypnan «Hanoctpykrypsl. MaremaTiueckasi pu3uka U MOJCITUPOBAHHUE» (COKpAIIEHHO:
HM®M) ny6nukyercs ¢ 2009 rosna u sSBiseTcss NEpUOIUIECKUM HAYUHBIM H3/1aHUEM. DIIeK-
TPOHHAS BEPCHS XXypHAJIa pa3Menaercs Ha caitte http://www.nano-journal.ru. OcHOBHas 11€7b
W3JIaHUS: PECTABICEHUE HOBBIX TEOPETUUECKUX U BBIYUCIUTEIbHBIX METO/I0B MOJEINPOBA-
HUSI HAHOCTPYKTYP U MATKOW MaTepuH, OOLIUX MOIX0/I0B B UCCIIEJOBAHUN ME30CUCTEM, a TaK-
K€ KITFOYEBBIX JKCIIEPUMEHTAIBHBIX PE3yJIbTATOB B JAHHOW 00JAaCTH M CBSI3aHHBIX C ITUM
npobieM MaTeMaTHYeCKOn (PU3HKH.

Kypnar HM®M nmMeer MeXIUCHUTIIIMHAPHBIM XapakTep U B CHIIy 3TOTO HECET OIpejie-
JICHHYI0 00pa30BaTeIbHYIO HAlIPaBIEHHOCTh, @ HE TOJBKO Y3KO Hay4Hyt0. PaboThl, mpeacras-
JsieMble B JKypHaJl, JOJDKHBI COIEP)KaTh BBOJIHBIE CBEJICHUS, KOTOPbIE o0ecreyar MIOHUMaHue
IMMOCTAHOBOK 3a41a4 W BOCIIPUATHUC PE3YJIbTATOB HC TOJIBKO MPAMBIMU CIICHUAIUCTAMU. Onpe-
JieNIeHHs] TIOHATUH, 00bsICHEHHEe 0003HAaYeHUH U TEPMHUHOB, OLIEHKH XapaKTEpHBIX MapaMmer-
POB, TCOPETUUCCKUEC MPCANOCBIIKM W WJACH, UCIIOJIBb3yCMbIC MCTOAbI, W T.II., TOJIKHBI OBITH
KpaTKo OOBSICHEHBI B TEKCTE CTaTbU, UMEs B BUY UMTaTelNeH, CICIMATU3UPYIOIINXCS B HHBIX
HarnpaBieHusAX. [lomKHBI ObITh OMKMCaHbl 0a30BbIE MATEMAaTHUECKUE MOJIENIN U ypaBHEHMs. Bo
BBG[[GHI/II/I " B MMOCJICAYIOIIUX pasaciax O4CpUUuBaACTCA CTPATCIUA U OCHOBHBIC TPYAHOCTH, 3TO
YBSI3BIBAETCS C UCIOJIB3yEMBIMU MOJENIAMHU. CTPYKTypa CTaTbl OPUEHTUPYETCSI HA MPOSICHE-
Hue o0IIel JOTUKK U METOJUKHU UCCIIEIOBaHMs, COAEPKUT PE3IOMUPYIOIINE BbIBOIbI. B Tekc-
T€ JOJDKHBI OBITh PACCMOTPEHBI XapaKTepHbIe MPUMEPHI (XOTS Obl, METOJMUYECKHUE), ICHO HII-
JIOCTPUPYIOIINE NTPEAIAraeMblIe aITOPUTMBI.

KypHan myOnaukyeT Hay4dHble 0030pbl, MCCIEI0BATENbCKUE CTAThH M KpaTKHe HayudHbIe
cooOIeHus, a Takxke N30paHHbIe aHATUTHYECKHE U HHPOPMAIIMOHHO-00pa30BaTe/IbHbIE MaTe-
pHaJIbl, TEKCTHI TOKJIAJ0B U LUKJIOB JIEKINH, IPOYUTAHHBIX B YHUBEPCUTETaX, HAYUHBIX 1CH-
Tpax, Ha IIKOJaX-CeMHUHapax, KOHPEPEHIIUAX, HUT/Ie paHee He MyOJIMKOBABIINECS U HE MPH-
HATBHIE K MyONUKAlMM B APYTUX HM3AaHUsAX. SI3bIk myOnukamuu B xkypHare HM®OM, kak
NpaBuWIo, pycckuil. PaboTel, peacTaBisgeMble B )KypHall, HE MOT'YT UMETh Hay4YHO-TOIYJIsp-
HBI WIM KOMIWIATUBHBIA XapakTep. Bce craThbu pelieH3UpyrOTCSl U MOTYT ObITh OTKJIOHEHBI
penkosuiernei xypHaia. B ciyyae npuHATHS pabOTHI K IIeYaTH €€ aBTOPbI NEpeaaloT u3iaTe-
o s)xypHana HM®M npaBo Ha pa3zoByro 6€3B03ME3IHYI0 Iy OIHKALIMIO TEKCTa U €T0 pa3Mellle-
HUE B SJICKTPOHHOW BEpCUH Ha caiite xypHaia. [lepeBoa omyOIMKOBaHHBIX B KypHalle cTaTei
Ha JAPYTHE A3BIKH MOXKET OCYILECTBIIATHCS TOJIBKO C PA3PELICHMs U IIPU y4aCTUU aBTOPOB.
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IMopsinok mpeacTaBjieHus crarTei
e B penakuuio W3HA4aJIbHO MIPEACTABIISIIOTCS:
O (¢ain cTaThH, (HalIIbl C WILTIOCTPALUSIMHU;

O COMPOBOAUTEIIEHOE TUCHMO, MOYKHO B 3JICKTPOHHOM (hopMe, cojieprkaliiee CBEACHUs 00
o0BeMe cTaThu U 000 Bcex aBTopax ((haMuiInu, UMEHA, OTYECTBA, MOJTHBIC HA3BAHUS
MecT paboThl, TIOYTOBBIH aJIpec ¢ MHICKCOM, HOMEpP KOHTAKTHOTO Tese()OoHa ¢ KOJOM
ropoja, 3JEKTPOHHBIN aJpec aBTOpa, OTBETCTBEHHOTO 3a IMEPENUCKY C PEIaKIhei);
npeaArnoYTUTCIIbHO, I-ITOGI)I 9TO IMTUCBMO 6I)IJ'IO BBITIOJIHEHO Ha 6HaHK€ YUPECIKACHUS, B KO-
TOPOM PabOTaeT KTO-TO U3 aBTOPOB, OBLIO 3aBEPEHHOE TEYATHIO U COJEPIKATIO YTBEP-
JKJICHUE O BO3MOYKHOCTH OTKPBITOI'O OIyOJUKOBAHUS CTAThHU;

o (baﬁﬂ C IICPCBOJAOM Ha AHTIMUCKUN S3BIK Ha3BaHMS CTaThu, (I)ElMI/IJII/Iﬁ U MHHUIKAJIOB aB-
TOPOB, aHHOTAlIWH, KIIFOYCBLIX CJIOB.

e ABTOpCKHe (ailsibl MOTYT OBITh TIPHCIIAHBI HA AIEKTPOHHBIN apec: papers@nano-journal.ru;
(pe3epBHBIii afjpec B cayyasx 3aTpyJHEHHH ¢ MepechUIKoi: nano@miem.edu.ru) Uiy nepe-
JIaHbI B PEJAKIIMIO HA JIFOOOM AJIEKTPOHHOM HOCHUTENEe. ABTOPHI MOMYYalOT U3 PeAaKIUU
MOJITBEPIK/ICHUE O TTOYYSCHUN WX MaTEPUAIIOB.

e Tenedpon (Ppakc) pemakuum: +7 (495) 916-8876. Anpec penmakiuu: Mocka 109028,

b. TpexcBsturensckuit nep., 3/12, MOCKOBCKUN MHCTUTYT 3JEKTPOHUKUA U MAaTEMATUKU
(MUSM), komH. 449.

O0mme TpedGoOBaHUA K NpeacTaBisieMbIiM Gaiiiam

e JlonyckaeTcsi UCTI0JIb30BaHUE TEKCTOBBIX peaaktopoB WORD u LATEX.
K pabounm ¢aitnam nomxHa ObITh HpuiiokeHa ux pdf-xonust. B HazBanuu (aitnos ucnosnb-
3yeTcs JaTUHCKUH andaBuT, mpodesbl 3aMeHstoTes 3HakoM . [lanka ctaTbu coepKuT Ha-
3BaHUE, MHULIMANIBI U (PaMUIIUK aBTOPOB, MECTO PAOOTHI, HIEKTPOHHBIN aJipec, KPaTKylo aH-
HOTAIIMIO, KITI0OYEBHIE CIIOBA. B aHHOTAaIMU HE Clie1yeT UCIO0NIb30BaTh (POPMYJIbI U CCHUIKM Ha
TEKCT pabOThl WJIM CIMCOK JIMTEPATyphl, B KOHIIC OHA JOJDKHA cojepkaTh mHAekce YK
(K aHTTIMIICKOM BepCUM aHHOTAIIUH MOYKHO 100aBUTh UHIEKCHI 3apYOEKHBIX PyOPHKATOPOB).

e (OOBeM KpaTKuX cooOIIeHui 4-8 CTpaHHUIl, UCCIEAOBATEIbCKUX CTAaTEeH, KaK MPaBUIIO, 0
20 crpanwuil, a 0030poB — 6onee 20 crpanull. BepxHsis rpaHuiia coriacyercs ¢ peaKoIuie-
rueit. [Ipu nmoacdere o6bemMa HyKHO OPUEHTHUPOBATHCS HAa CTpaHUIBl popmara A4, mpudt
12, 3HaK0B B cTpoke 80, HHTEPBAJIOB MEXy CTpOKamu 1.

® ABTOpBI HE JIOJDKHBI 310yNOTPEOIATh COKPALICHUSMHU, COCTABICHHBIMH U3 3ar1aBHbIX Ha-
yaJlbHbIX OYKB TepMUHOB. [IpeanodyrurenbHeil Kax bl pa3 HCIOIB30BaTh IIOJHOE HauMe-
HOBaHHE 00bekTa. BO3MOXKHO HCIIONIB30BaHKUE TOIBKO YCTOSIBIIUXCS aOOpeBUaTyp.

TpebdoBanus k ¢aiiiam Word
e Pekomennyemsiii mpudt — Times New Roman.
e Crpoku B npefienax ab3ana He JOKHBI pa3/iesiThCsl CHMBOJIOM BO3Bpara kaperku (Enter).

e Henb3s ucnonb30BaTh aBTOMaTHYECKOE CO3AHNE CHOCOK, aBTOMaTHUYECKHI MEPEHOC WIIN
aBTOMATHUYECKHUI 3alpeT NepeHOCOB, CO3/1aHUE CIIUCKOB, aBTOMATUYECKHI OTCTYM U T.II.

e CchUIKM Ha CHMCOK JIMTEpaTyphl JaroTcs nudpamu B KBaapaTHbIX ckooOkax: [1], [5,6,7],
[1-9].

e Bce 6e3 nckimoueHus GopMyiisl 1 0003HAYEHUS Pa3MEPHOCTH, AK€ COCTOAIINE U3 OJTHOM

JaTUHCKOW OYKBBI, U B TEKCTE€ U BHIHECEHHBIE B OTAEIBHYIO CTPOKY, BCErJa HaOUparoTcs
B (popMyIBHOM peAaKTOpe U HUKOTJA — B OOBIYHOM TEKCTOBOM PENaKTOPE.
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e Jlpu co3naHum TaOIMIBI PEKOMEHIYETCS HMCHOJIb30BaTh Bo3MoxkHocTH Word mim MS
Excel. Tabmuipl, HabpaHHbIE BPYUYHYIO (C IOMOIIBbIO OOJIBIIOTO YKcia MpoOesoB), He MpH-
HUMAIOTCH.

TpeGoBanus K HIJIIOCTPALMAM

e JlumrocTpallMu MPENCTaBISIIOTCS B OTHCNBHBIX (haiinax, yepHo-O0enbiMu. OHH JTOJDKHBI
uMeTh paspenienne He menee 600 dpi.

e  @opmarsl (aiino — TIFF, EPS, PSD, JPEG.

TpeOoBaHMsl K CIIUCKY JIUTEPATYPbI
e @.1.0. aBTOPOB WK PEJAKTPOB BBIACISIIOTCS KypPCUBOM.

e Jlia crareil NpUBOAUTCS Ha3BaHKWe. Ha3BaHMsI OTIEIAIOTCS OT BBIXOJHBIX JAHHBIX 3HAKOM
//. Pacmiono)xeHue BBIXOJHBIX JaHHBIX YKa3aHO Ha oOpasle Huke. Homep ToMa BbienseT-
Cs1 )KUPHBIM IIPU(TOM, HOMEpP BBIITyCKa 1aeTCs B CKOOKaX. YKa3bIBarOTCA HOMepa epBor
U [TOCTIETHEH CTPaHUIL CTaThH, TMOO0 YHUKAIBHBIM HOMEp CTaThH U ee 00beM. [l KHUT xKe-
JaTe’abHO YKa3bIBaTh UX 00beM. Eciin M3BECTHA CChUIKA Ha 3JIEKTPOHHBIM apXUB WJIU CalT,
TO €€ JKEIATEIIbHO YKa3aTh.

@amunus U.0. Hazpanue crateu // Hass. xypH., 2000, 1 (1), 1-6.
Family EM. and Family F. Title of the paper // Name of the Jornal, 2006, 73, 165313, 9 pp.
Qamunus U.0., @amunua U.O. Hazpanue xkuuru // Hayka, C.-I1., 1999, 176 ctp.

Family FM. Title of the paper // In book: Family F.M. (et al. eds), Title of the collection,
Publisher, Boston, 2005, 9-24.

Family FM. (ed.), Title of the collection // Publisher, N.Y., 2005, 324 pp.

@amunua U.0. Ha3Banue noknana // loknan Ha koHpepenuun «Ha3panue koHpepeHIN

(MecTo u gaTa MPOBEICHUS )»; CChUTKA Ha JICKTPOHHBIA pecypc.
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