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B pabote nory4eHo acuMITOTHYECKOE Pa3JIokKEHUe COOCTBEHHBIX 3HaYeHUH onepaTtopa Jlamnaca ¢ HyneBbIMU
ycnoBusMH Jupuxiie B 0eCKOHEUHBIX TpyOKax, T. €. B 06CKOHEUHBIX H30THYTHIX IIMIMHIPAX ¢ BHYTPEHHUM Kpyde-
HHEM IIPU PAaBHOMEPHOM CXKATHHU ITONEPEUHbIX CEUEHUH, 110 MaJoMy MapaMeTpy, XapaKTepu3yrolieMy rnorneped-
HBIE pa3Mepbl TPYOKH. AHAIOTMYHOE Pa3JIoKeHUe MoJTydeHo Juist oneparopa llpenunrepa ¢ yueToMm MarHUTHOTO
MOJIS /11l KOHEUHBIX 3aMKHYTBHIX TpyOok. Ilpemnosken meros cBeneHms 3agadd O HAXOXKACHHH COOCTBEHHBIX
3HAUYEHUH K PEIICHUIO HESIBHOTO YPABHEHHUSL.

YAK 517.9

1. BeepeHwue

V3yvyeHnto CBSI3aHHBIX COCTOSIHUI, BO3HUKAIOMNX B TPyOKax, T.e. TMPHU PA3IUIHBIX BO3-
MYIIEHUAX OECKOHEUHBIX MUIMHAPOB (M GECKOHEYHDBIX MOJIOCOK B JIBYMEPHOM CJIydae),
HA3bIBAEMbIX TaKKe KBAHTOBBLIMU BOJIHOBOAMM, ITOCBSIIIIEHO OOJIBIIOE KOJMIECTBO paboT
(Hy?KHO OTMETHTB, YTO paHee MOJ0OHBIC BOIPOCHI PACCMATPHUBAJINCH B CBSI3H C TEOPUEH
BOJTHOBO/JIOB 1 pe3oHaTopoB). B pabdorax B. II. Macmosa [1, 2|, B. I1. Macsosa u E. M. Bo-
pobBEBa [3] ObLIa MOCTPOEHA ACUMIITOTHKA COOCTBEHHBIX (DYHKIUI 1 KBA3UCTAIMOHAPHBIX
coOCTBEHHBIX 3HadeHuil ypapHenusa Au + k*u = 0 ¢ KpaeBbIMHU YCIOBHAMHI Ha SKBUIU-
CTAHTHBIX KPUBBLIX. BbLIO IOKa3aHO, 4TO, HMOAOUpas HYKHBIM 00pa30oM HCKPHUBIEHHOCTH
[IOJIOCKY U JIJTMHY yYIACTKA, T/1€ TTPOUCXOIUT UCKPUBJIEHUE, MOYKHO JIOOUTHCS, YTOOBI CyIIie-
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CTBOBAJIO JIUIIH OJTHO COOCTBEHHOE 3HAYEHWE, T. €. PE30HATOP MMeJI JINIIb OJTHY MOTepet-
HYTO MOJTY. AHAJIOTHYIHBIE BOIIPOCHI UCCJIEIOBAIUCEH JIJIs 00/1acTel, OTpAaHMIEeHHBIX SKBU M-
cranTHbIME nToBepxHocTamu. B paborax B. B. Benosa, C. FO. [lobpoxorosa, C. O. Cunu-
npiaa [4], B. B. Besosa, C. FO. Jo6poxorosa, C. O. Cunnrpina, T. f. Tymoposckoro [5],
B. B. Benora, C. 0. To6poxorosa, T. ¢. Tymoposckoro [6, 7|, B. B. Besosa, C. 0. [106-
poxorosa, B. II. Macsosa, T. ¢1. Tymoposckoro [8], ¢ moMoIbi0 KAHOHIYECKOTO OIepaTopa
B. II. MacsoBa nocTpoenbl ObICTpOOCIHILIUPYIONue pertenns ypaBuenus [peuarepa u
ACHMIITOTHIECKHE COOCTBEHHBIE 3HAYCHUSI B TOHKUX TpyOKax. V3yueHuio cBA3AHHBIX CO-
crostHuii B TpyOkax mnocssiienbl paborer I1. Tokio u I1. Dkeuepa [9], TI. Dxcuepa u
I1. Ieb6a [10], IT. Dkcuepa |11, 12], B. Bymra, ®@. 'esresu, b. Caiivona [13], I1. DkcHepa
u C. A. Byranrepa [14], /1. Bopucosa, I1. Dxcuepa, P. lagpuibmmua n /1. Kpeiicaep-
xuka [15], B. B. I'pymuna [16]-[20], P. P. Tagpuibmuna [23]. B pa6orax [10, 11] 6bL10
JIOKA3aHO CYIECTBOBaHME COOCTBEHHOIO 3HAYECHUs JJIst ¢J1ab0 M30THYTHIX BOJTHOBOJIOB, a
B [9] 6bLIa cocunTana ero aCUMIITOTHKA 110 MajioMy apamerpy. B [9] rakzxke paccMmarpuBa-
JIACH ACUMIITOTHKA COOCTBEHHBIX 3HAYCHUN B TOHKUX TPYOKax 06€3 BHYTPEHHEr0 KPYUeHUsT
(mozpobree 06 9THX pesysbraTax OymeT ckasaHo B KoHIe 1. 2). B [13] B 1BymMepHOM cirydae
pPacCMaTPUBAJIUCH JIOKAJIBHBIE jiehopMAIui OECKOHETHO MOJIOCKN TUIA JIOKAJIBHBIX Pac-
TSI?KEHUI B [TOTIEPETHBIX HAIIPABICHUAX B HEKPUTUIECKON cuTyanuu. B 1ByMepHOM ciiydae
B [14] 6bLI0 OKA3aHO, YTO B KPUTUIECKON CHUTyaruu cOOCTBEHHOE 3HAUEHHE MOXKET Kak
BO3HUKATH, TAK U HE BO3HUKAThL. B ciydae, Korja cobCTBEHHOE 3HAYUEHUE BCE YK€ BO3HU-
KaeT, ero acHMIITOTHKa Oblia mocrpoena B [15], [23]. B [16] 6buin mcciie1oBanbl BOIPOCH
BO3HUKHOBEHMS COOCTBEHHOTI'O 3HAYEHUs U €0 aCUMITOTUKHN TP BO3MYIIEHIH BOJTHOBOIA
MaJIBIM JIOKAJTM30BAHHBIM T dEepeHITIAIbHBIM OIIePATOPOM BTOPOTO TOpsjika. B Kate-
CTBe IpUMepa Ha MPUMEHEeHHe MOoJIydeHHbIX o0mmx dopmyst B [16] paccmarpusaiucsh u
JlebopMaIiy THITA JIOKAJTBHBIX PACTSKEHUI B MTOMEPEIHBIX HAIIPABJICHUSX B HEKPUTHIEC-
CKOM cJIydae, a B [17| paccmarpuBainch BO3MYIIEHNST, CBA3aHHBIE CO CJIaObIM H3IMMOAHIEM
U BHYTPEHHUM KpydYeHueM BOJHOBOJAA. B [19] msydasoch acmMmimorndeckoe MOBeJICHIE
coOCTBEHHBIX 3HaueHuii oneparopa Jlamraca B ToHKuX GecKoHedHbIX TpyOKax, a B [20]
U3y4ajioch aCHMITOTHIECKOE TIOBEJICHIEe COOCTBEHHBIX 3HadYeHuil oreparopa IlIpeuarepa
B TOHKHUX 3aMKHYTBIX TPYOKax.

B nannoii crarbe, uMerorneit 0030pHBII XapaKTep, pacCMaTPUBACTCs aCUMIITOTHIECKOE
[oBe/IeHne COOCTBEHHBIX 3HaUEHUI ortepaTopa Jlamaca ¢ yemouem Iupuxiie Ha rpanurie
B OECKOHEYIHON M30TrHYTO# TPyOKe ¢ BHYTpEeHHMM KpydeHueM u oreparopa Illpeaurrepa
¢ y96TOM MArHUTHOIO TOJId B KOHEYHOW 3aMKHYTOI TpyOKe IpU PaBHOMEPHOM CyKATUU
[OIIEPEIHBIX cedeHnit TpyOKu. OCHOBHOI pe3ysibTaT COCTOUT B IOJIYIEHUU ACUMIITOTHYIE-
CKOH (hOpMYJIBI J1j1sT COOCTBEHHBIX 3HAYUEHUN 110 MAJIOMY MapaMeTpy, XapaKTepu3yoIemy
[oTIepevHbIe pa3Mepbl TpyOKu. [[j1st mosrydeHns acuMITOTHIecKoit (hopMyJ/Ibl TPUMEHSIET-
s METOJI, OTJIMIHBIH OT METOJIa, IPUMEHsBITerocst B [9], cocTosiimuii B CBeIleHNH 3318491 O
HAXOXKJIEHUU COOCTBEHHBIX 3HAYEHUI K PEIIEHNI0 HEKOTOPOI'O HEsIBHOTO yDABHEHUS.

2. dopmynMpoBka OCHOBHOro peaynbTaTta
B cny4ae OeCKOHe4YHOW TPyOKu

[Tycts B R? mMeercs riasikas HecaMollepeceKalomascsa KpuBasd 1, 3a/jaHHas ypaBHEHIEM
x = X(s), rme s — mimHa jryru (co 3HakoM) Kpuboil I', orcuantannas or (hbUKCHPOBAHHOM
Toukn ro € I'. Byjgem npemnosarars, uro Kpubas I’ cnabxkena Ttpexrpannukom Ppemne,
COCTOSIIIIUM U3 B3aMMHO OPTOrOHAJIBHBIX €IMHUYIHBIX BeKTOpoB Kiacca CP(R), v(s) =
X (s), yaoBiaerBopsifonux cucreme ypasuenuit @pene v =yn, n = —yv + xb, b = —smn,
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riae y(s) — kpuBnsHa (co 3HAKOM), »(s) — Kpydenue Kpupoii [', Touka 3jech u jajee
O3HAYAeT IIPOU3BOJAHYIO 10 S. Bymem npeanonarars, uro »#(s) € C*(R), a y(s) € C5°(R).

I[Tyctb Ha mockoctun R? ¢ KoopauHaTamu (q;, ¢2) MMeeTCs CBA3Has OrpaHuIeHHas 00-
macte M ¢ 6eckonedno riajkoit rpamuneii M. O6osuaumm depes I1(s) HOpMaIbHYIO
K Kpupoii ' miockocTh, B KOTOpOil BeKTOpHl N(s) u b(s) obpasytor Gasuc. Paccmor-
pum B II(s) 6asuc (ng4(s), by(s)), obpasosanmblii moBoporom basuca (n(s),b(s)) ma yron
o(s) € C*(R). Tpybrot Gymem Ha3BIBATH 0OJIACTD Q. B R3, koTopas mosyyaeTcs Kak
obpas npsiMoit TpyOKu (IInHIpA)

Q={(s,q): —0 <s<+oo,g € M},  q¢=(q1,¢)
1Ipu 0TOOpaKeHNn

T = X(s)+eqng(s) +eqby(s) =
= X(s) +e(q1cosd — g2sing)n + £(q1 sin ¢ + g2 cos ¢)b. (1)

3/1ech MaJIbIil mapaMeTp € BBEJICH JJI TOrO, 9TOOBI UMETh BO3MOXKHOCTH PaCCMaTPUBATH
"Toukue" TpyOKH.

Byzem npenosarars, uto orobpaxkenue (2.1) B  ectb auddeomopdusm, 4To 3aBe-
JIOMO BBIIIOJTHSIETCST IPU JIOCTATOYHO MaJibiX €. Takum o6pasoM, (S, 1, ¢2) MPEJICTABIAIOT
co0O0IT KPUBOJIMHEHHBIE KOOP/IMHATHI B QE. TpybKy MOXKHO HATIJISIJIHO MPEJICTaBIATD cebe
KaK pe3yJIbTaT CKPYy4YUBaHUs U U3rHOaHUsi OECKOHEYHOrO MUJIUHJIpa, JTUO0 00/1aCTh, KO-
TOPYIO 3aMeTaeT IIocKas durypa M Ipu TaKOM JIBUKEHHH €€ ILIOCKOCTH, 9TO OJHA U3
TOYEK TOU IIJIOCKOCTH JIBUYKETCHA BJIOJIb KpuBoil [') a cama 3Ta IJI0CKOCTH OCTAETCs HOP-
MaJstbHOH K KpuBoii I'. Ecim wocuresns vy pacnosnoxken B orpeske [—[, ], To I' mpu s < —I
u s > | IpeBpaIaercst B IpsiMble JTUHUN.

Cdopmyupyem ocHOBHOI pesysbrar crarbu. Beemém yriasl afs) u 0(s), yaoBierso-
PSTFOIIIIE COOTHOIITEHUSIM

a(s) + #(s) =0, a(s) +0(s) = o(s). (2)

Yron 6(s), caeays pabore |7], OyjeM Ha3bIBATH GHYMpPeHHuM Kpyweruem mpyoru. Bymem
npenonarars, aro (s) npumamtexur C3°(R).

B 1tpy6ke (). paccmorTpum oueparop Ap — pacmupenne 10 Opuapuxcy omeparopa
Jlammaca A, mepBoHadanbHO onpeseaénaoro Ha C°(€2.), 9To ABIAETCA MaTeMaTHICCKO
MO/IEJIBIO KBAHTOBOTO BoHOBOA (M. [4]-[12], [25]). Kak mokaszano B [16], obiacTbio ompe-
JlesieHus oneparopa Ap dABJISETCS IPOCTPAHCTBO H%(ﬁg), cocrogmee u3 GpyHKIUT coOO-
JIEBCKOT'O IIPOCTPAHCTBA, HQ(QE), VJIOBJIETBOPSIIOIIUX HyJleBoMy yciaosuio Jupuxie (1. e.
obpalanomuxcsa B HyJb Ha TpaHuie o0JacTu QE) Hamomuum, 4to u € Hm(ﬁs), ecin
bynkma u 1 eé 0600MmeHHbIe TPOU3BOAHNLIC 0 MOPAIKA 1 BKIIOYHTEILHO IIPHHA/IIC-
x®ar Lo(€).) (em., manpumep, [26]). Cymecrsennyto obiacThb onpejenenus omneparopa Ap

coctaBistior dbyuxipn n3 CF°(€).), obpamaomuecs B Hy/Ib Ha TPaHUIE 001aCcTH ﬁa.

OcHOBHasI 1€/ TO CTATbU COCTOUT B TOM, YTOOBI IOy YUTh ACUMIITOTHIECKYIO hOp-
MYJIy JJIsI HOBeJIeHUsT COOCTBEHHBIX 3HaUeHnit oneparopa —Ap npu € — +0. Ocobyro poJib
B 9TOi (popMmysie UrpaeT HEKOTOPBI ojHoMepHbIH onepaTop [pesunrepa T, KOTOPHII,
cJietyst repMuHOIorun u3 [7|, Oyjiem HaszbBaTL pedyuuposartvm onepamopom (B 25| ana-
JIOTUYHBIA orepaTop Ha3biBaeTcs 3(D(MEKTUBHBIM MaMIJIBTOHHAHOM ). U T0ObBI OIpeIenTh
9TOT OIepaTop, 0O03HAUNM Uepes
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Vo< <l ---<yp, < ...

cobcTBeHHble 3HadeHus oneparopa —AM 1. e. oneparopa Jlammaca co smakom "wmu-
uyc"s obsactu M, a uepe3 {y,} — COOTBETCTBYIOIILYIO MOJHYI OPTOHOPMUPOBAHHYIO
cucremy cobersenubix dynkimii oneparopa —AM . Oynxmun y,, MoxkHo BLIGpaTH Bere-
CTBEHHBIME. XOPOIIO M3BECTHO, YTO OCHOBHOE COOCTBEHHOE 3HAYEHUE 1y HEBBIPOZKJIEHO
U Yo MOYKHO BbIOpaTh mosiokuresbHoil B M (cm., mampumep, [27]). Beemém omeparop
mMomenTa L = ¢10,, — ¢20, m obosznaunm depe3 Ly ero cpeimee 3HaYCHHE B COCTO-
sgHun Xo, T. €. Log = (LXo,Xo)m, tie (+,- )y — cramsproe npoussejerne B Lo(M).
Ananoruunoe obosHadenue OyJIeT HMCIHOIL30BATHLCS U JJIg JPYyrux omeparopos. [loso-
xuM a(s) = —y2(s)/4 — 92(3)(L2)00 U paccMOTpHUM OjfHOMepHBII onepaTop [lIpesunarepa
To = —0? + a(s). Mycrb py, k= 1...r — cobcTBenuble 3Hauenus orneparopa Ty (ecu Ta-
KOBble nMerorcst), a Py (s) — coorBeTcTBYIOIME HOPMUPOBAHHBIE COOCTBEHHbIE (DYHKITHN.
OTMeTHM, UTO BCE [ij, ABISIOTCHA OTPULATEILHBIMA U IIPUHAJIJIEIKAT JUCKPETHOMY CIEKTPY
oneparopa Ty (6oJtee 110 IpOOHO O CBOMCTBAX COOCTBEHHBIX 3HaUeHUil orneparopa Ty Oymer
ckazano B 1I. 4). CrexTp oneparopa 1 obosmataercs kak o(1p).

BoikrHeM U3 OTPHIATENBLHON BEIIECTBEHHON mosyocn R_ MHTEpBaJbI, COAEprKale
COOCTBEHHbIE 3HAYEHUS (1), omeparopa Tp, U MHTEpPBaJ, COAEPXKAIIUil HAYaI0 KOOPIMHAT;
OCTaBIIIEECsT 3aMKHYTOE MHOYKECTBO OTPHIATEILHON mojyocu obosuauum udepes W. Ha-
[OMHUM, 9TO KpoMe OeCKOHeUHOH auddepenupyeMocT BCeX BEJIMYNH, BXOAAIIUX B CHU-
cremy ®pene, MBI IpejoaraeM, 9to y(s) u 9(5) MMEIOT KOMIAKTHBIe HocuTeau. ITycTn
[ BBIOpaHO TakK, YTO 9TH HOCHTEN cojepzKarcsa B [—1, 1.

Teopema 1 /Jlasa nocmpoennozo yxaszarmvim cnocobom muoocecmea W cywecmsyem ma-
Koe gg > 0, wmo dasa ecex 0 < € < g9 6 W+1p/e2 nem cobemeennvix arnavenud onepamopa
—Ap. Boaee mozo, W + vy /€% npunadaescum pesosbeenmmomy MHONICECTEY ONepamopa

—Ap.

Teopema 2 [lycmo py, — nexomopoe cobcmeennoe 3navenue pedyuuposartozo onepamo-
pa Ty u Wy — maxot ompesork, codepotcawyuii ju,, wmo Wy we codepotcum dpyzux mouer
us o(Tp). Toeda npu nexomopom g9 > 0 daa ecex 0 < € < gy cywecmesyem eduncmeen-
noe cobemeennoe anauenue \g(€) onepamopa —Ap, npunadaescausee Wy + vo/e%; amo
cobecmeennoe anavenue nevposicdeno u pp(e) = Mp(€) — v9/e? umeem npedea py, npu
e — 40. Ecau nosostcums fu,(0) = g, mo pg(e) € C[0,ep).

JokazareabcTBo Teopem 1 u 2 Oyjer jaHo B 11. 2 — 7.

CaencrBue J[aa cobemeennozo snavernus Ag(€) uz meopemvr 2 npu e — +0 umeem
MECTNO ACUMNIMOMUYECKOE PA3NOHCEHUE

v oo
Ak(g) ~ s_g + e + Z dine". (3)

n=1

Heiicreuresnbro, (3) cremyer usz dopmyiasl Teiiaopa, MOCKOJIBKY B CHIIY TeOpeMbl 2
dbynkung py, 6eckoneuno muddepeniupyema npu 0 < e < gy. Koabdumuent dj; Oyner
BBIUKCJIEH B KOHIIE II. 7.

OTrmeTuM, 9TO BOIPOC O TOBEJICHUN COOCTBEHHBIX 3HAaUeHWiT orepaTtopa —Ap B TOH-
KX TpyOKax obcyzkaascs B [9], HO Tam paceMaTpuBagnch TOJIbKO "Kpyribie TpyOku 6e3
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BHyTpeHHero Kpydenns (M — Kpyr ¢ mieHTpoM B Hadase Koopauuat u 0(s) = 0). Bmecto
dbopmyie (3) B [9] momyueno pasznoxkenne

Me) = 55 it Y enle), )

OpUIEM Psiji aOCOTFOTHO CXOJUTCS IS JIOCTATOYHO MaJIbIX £, e,(¢) = O(e") npu &€ — 40,
en(s) € C*|0, gq) aist HEKOTOPOrO £9. OTCIONA eI1é He BhITeKaeT GecKoHeuHOil uddepen-
mupyemoct A (g) mpu 0 < &€ < £y KaK 1 aCUMITOTUIECKOTO Pa3/IoKeHus (3), MOCKOIbKY
He yKaszaHa OIeHKa OCTaTOYHOIO diieHa psia B (4).

3. Onepartop Jlannaca B KoopauMHaTax, CBA3aHHbIX C TPyOkon

B sToM myHKTE MBI HOJIyYUM BbIpazkeHue Jyisi orneparopa Jlamiaca B koopjunatax (1).
Beeném yribt afs) u 0(s), yIoBIeTBOPSIONIIE COOTHOIIEHHIM (2) U IyCTh

h(s) =1 —ey(s)(qcosd(s) = gasing(s)), L= (0105 — 420,)- (5)

B koopmaarax (s, qi, qg) orteparop Jlamaca npuobperaer BuI
Y0y — OLYh (D5 — OL) 4+ e 2(h ™10, hdy, + h ™10, h,,). (6)

DTy HOPMYITYy MOXKHO IOy IUTh, UCIIO/IL3Ys U3BECTHOE BhIparKeHune oneparopa Jlarmma-
ca B KpUBOJIMHEHON crucTeMe KOOpAMHAT Yepe3 MeTpudeckuii renszop (cp. [4]-7], [25]). Ho
9TOT Iy Th IIPUBOJUT K JIOBOJILHO IPOMO3/IKIM BBIUUCICHUSM, IOCKOJIBKY CHCTEMa KOODIU-
Har (S, qi, g2) B 00IIEM cirydae HeTpUOPTOroHasbHas. HeckoibKo GoJiee poCThIM CLIOCOGOM
sTa bopmya Oblta nomydena B [17]. Ilpuseném KpaTkyro cxemy BBIBOJA 9TOi (DOPMYJIBL.

Mper rcriosib3yem Jiist BIBoIa, GopMyJIbl (6) CHEIUATBHYIO IIPOMEKYTOTHYI0 TPHOPTO-
FOHAJILHYIO CHCTEMY KOODAMHAT (S, Ty, T2) (Takme KOOPAMHATHI NCIOIB30BAINCE B [5]-[8],
19])-

[Iycro (71, 72) — KoopauHaTh! Ha 1w10cKocTH [1(s) B 6aszuce (n,(s), ba(s)), momyuentnom
u3 (n(s),b(s)) moBoporom Ha yron a(s). Cucrema KoopJuHAT (S, Ty, Te) SABIACTCA TPHU-
oproronasbhoil. [logcuér MeTpukn B 9TUX KOOpJMHATAX € yI6TOM cooTHOIeHuit Opene
[IPUBOJIUT K IPOCTOMY BBIPAZKEHUIO

do® = h?ds* + e*dr} + %dr3, h=1—¢ey(mcosa— msina).
[Tosromy omeparop Jlammaca B koopiuHaTax (s, 71, 7o) UMeEET BH/T
h='0.h 0, + e 2(h 10, hd,, + h™10.,h0s,),

npuaéM h sBIgeTcs sKOGUAHOM IIPU Iepexojie K KoopanuaraM (s, 71, 7). [locse moBopora
basuca (n,(s),bs(s)) ma yroa 6(s) momyuaem Gasuc (ny(s),bys(s)), n ocraéres TOIBKO
nepeiTi U3 KOOpJAUHAT (8,71, T2) B KOOPAMHATHI (S, (1, (), UCHOJIb3Ys IPOCTHIE COOTHO-
MeHus 71 = 1 CoSH — qosinf, 7 = ¢ sin @ + ¢o cos 6. B pesynbrare nosyaum popmyity
(6), mpuaém h Gymer SKOOMAHOM IIPH TI€PEXojie OT KOOPAUHAT T K (S, q1, ¢2). Popmyia (6)
HCIOJIB30BaIAch B [17].
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Teneps nepeiiiém ot oneparopa —Ap K OmepaTopy
H. = —h'?Aph1/2, (7)

KOTODBIi 3amuIieM B Koop/uHaTax (S, ql, q2). llpeacrasus H. B BHIE

P P /el 10 Y G N e 2O LAY
H. = (as oL+ === )h2( 0, — 6L =

o h 0. h O h O h
2 a1 _ _ 2 q2 _ a2
c (aﬂ o )(a‘” 2h ) c (a” o ><an 2h )

IOCJIe HECJIOXKHBIX BBIYUCIEHWH MOTydaeM (DOPMYITY

) 1 ., 2 v (05— 9L)2h 5((0s — 9L)h)2
(8, — L) = (0;, +3,,) e + YE A h4

|
H.=—(0s—0L)— . (8)
52
Nmenno sra dopmysia u OyjieT HCIOJB30BATbCA B JlajbHelimeM. Tak kak H. yHuTapHO
SKBUBAJICHTEH UCXOJHOMY oreparopy —Ap, TO cOOCTBEHHBbIE 3HAYEHUS ITUX OIEPATOPOB
COBHIAJIAIOT. £ICHO, 9YTO /IS JIOCTATOYHO MaJIbIX € onepaTop H. MOXKHO 3anucaTh B BU/IE

2

H.— —(0,— L) — 6%(@31 FO) = Tt eb(s,0,0., 04,04, (9)

rie b — nuddepennuasnbhblii oneparop ¢ Geckonedno nuddepernupyeMbiMu 1o (S, ¢, €)

koabburmentamu B 2 X [0, £9) ¢ HEKOTOPBIM £y > 0, O6paITAIONIAMICS B HYJIb TIpH |s| > 1.

OrmernM, aro dbopmyna (8) npu 0(s) = 0 umeerca B [9], T. e. Tam mpuBejeHa 5Ta

dbopmyia B KoopauHaTax (8, 71, T2 ), CBA3aHHBIX € pernepoM (V, N, b, ); 0TCI0a ¢ TIOMOITIbIO
npeobpazoBaHusi OBOPOTa HA YroJl § TakzKe Jierko mnoJydaercs dopmyia (8).

4. CgoiicTBa COOCTBEHHbIX 3HA4YE€HUI peayuMpoBaHHOro onepartopa TO

B sTOM myHKTE TIPUBOJIATCH M3BECTHBIE CBOWCTBA COOCTBEHHBIX 3Ha4UeHuii oneparopa 71y,
XapaKTepHbIE I JTI00BIX OJHOMEpPHBIX orneparopos lIpeaunrepa ¢ (pUHATHBIM TOTEHI-
asioM (cMm. Hampumep, [27]). s HOJTHOTHI U3/I0XKEHUs JIJisi HEKOTOPBIX U3 HUX MbI TIPH-
BEJIEM JIOKA3ATEIbCTBA. JacTh JOKA3aTe/LCTB OCHOBAHA HA TOM, YTO BHE oTpeska [—I, (],
cofiepzkariero supp a(s), cobcrsennast byuxims Py (s) ABagercs perieHneM OOBIKHOBEH-
HOI'O ypaBHEHMsI

(I)k(S) + /qu)k(5> = O, (10)

obIriee perreHne KOTOporo XOPOIo U3BECTHO.

1. CobcTBeHHBIE 3HAYECHUS (i), OllepaTOpa 1) OTPHUIATE/IHHEI.

[Iycrs pyp > 0. Tak kax Pi(s) € Lo(R), To u3 BHma obIero pereHns ypaBHEHUsI
(4.1) sicuo, aro Pi(s) = 0 na (—oo, —!I]. Terepp U3 TEOPEMBI O €IMHCTBEHHOCTH PEIICHHS
sagiaun Kormm jj1st 0ObIKHOBEHHBIX ypaBHeHuii ciejyer, uto Pi(s) = 0, ciepoBaresbHo,
upu fig > 0 COOCTBEHHBIX 3HAUEHUIT HET.

2. CobcTBeHHDbIE 3HAYEHUS (1), HEBBIPOKICHBI.

D10 cyreryer U3 Toro, 9To upu [y < 0 eCTh TOJBKO OJHO (€ TOYHOCTHIO JI0 YMHOKEHHUSI
Ha KOHCTAHTY) pelenue Ha (—oo, —(|, npunasyexariee Lo(R).

3. Omneparop Tjy MOXKET UMETh TOJBKO KOHETHOE YUCJIO COOCTBEHHBIX 3HAUCHUI.
N3 pasencrsa
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(To — 1) i, Dp) = (D, 1) + ((a — p) Py, B1) = 0

CJIeJLyeT, 9TO MPH [1 < Gpin = Min a(s) cobcrBeHHbIX 3HadeHuil HeT. Tak Kak coOCTBEHHbIE
3HAYEHUs] MOYKHO HAXOIUTh U3 YpaBHEHUsI

G(n) = @(n,1) +nP(n,1) =0,

rie u = —n*n > 0,P(n,s) — pemenne 3amaan Komm ®(n, —1) = 1,&3(77, —l) = n s
ypasuenusi (Ty — p)® = 0, a dyuknua G(n) anaguTu<dHa, TO Ha JIOOOM KOHEIHOM OT-
pesKe UMeeTcst TOJBLKO KOHETHOe YUC/I0 COOCTBEHHbIX 3HadeHuii. B qacrHocTn, Ha oTpeske
[@min, 0] TaKKe MMeEETCsT TOJIBKO KOHEYHOE YUC/I0 TAKUX 3HAYEHHUI.

4. Eciu a(s) > 0, To cobcTBeHHbIX 3Ha4YeHUil y onepaTopa T Her.

JeificTBuTe IBHO, B 3TOM Ciydae oreparop Ty MOJOXKUTENILHO ONPEIesIEH 1, CJIeI0Ba-
TEJIbHO, HE UMEET OTPUIATEIHHBIX COOCTBEHHBIX 3HAMEHHUI.

5. CyImecTBeHHbI CeKTp 0y (Tp) oneparopa Ty cocrapiaser Ry = [0, +00).

HokazaresbeTBO M., HAIIpUMep, B [27]. DT0 TakKe JIErKo JI0Ka3aTh ¢ IIOMOIIBIO PaC-
cyKaeHuit u3 [17], rje 610 J0Ka3aH0, YTO I TPYOOK Oess(—Ap) = [19/2, +00) (cm.
rakxke [24]).

6. Eciu [ a(s)ds <0, ro y Ty ecTb 10 KpaiiHeii Mepe 0jiHO COOCTBEHHOE 3HAYECHIE.

[Iycrs p(s) — rakas dyukius uz C3°(R), aro p(0) = 1. IlocTponm mocsie10BaTeIbHOCT
pn(s) = p(s/n) u pacemorpum hopmy (pn, Pn)+(apn, pr). fcho, aT0 IPU N — 00 B IpeIese
nojydaercs [p a(s)ds, ciejoBaTebHO, IPH HEKOTOPOM 71 9Ta (hopma GyjieT IPUHIMATH
orpuiiaTesibHoe 3Hadenne. VI3 Bapuarmonsoro npunnumna (cM., Hampumep, [27| riasa 8)
OTCIOJIA CJIJLyeT, 9YTO Ha OTPHUIATENLHOI OcH ecTh TOYKK criekTpa oneparopa Ty. Tak kak
CIIEKTP Ha OTPUIATE/LHOMN IIOJIyOCH JMCKPETEH, TO JOJKHO CYIIECTBOBATHL COOCTBEHHOE
3Hadenue oneparopa 1.

OrmernM, 9TO B jloKa3aTebeTBe TeopeM 1 m 77 mcmonb3yrorcs cBoiicTBa 1-3 u .
CaoiicTBa 4 1 6 NOKa3LIBAIOT, YTO HAJUIME UM OTCYTCTBUE COOCTBEHHBIX 3HAYEHUIT Ole-
paropa Tj 3aBUCAT OT COOTHOINEHUSI MEXKJLY CJAraeMbIMU, COCTABJISIIONMMU MOTEHIIAAI
a(z), mpuuaém (L?)go < 0, MOCKOIBKY

(L*)oo = (L*X0, x0) = —(Lx0, Lxo) < 0.

Kak nokasano B [17]|, paBeHCTBO HYJIIO JIOCTUIAETCs TOJBKO JIjisi 06J1acTell, Ipe/icTaB-
JISIOIMUX cOBOI KPYT UM KOJIBIIO C IIEHTPOM B Hadase KOODJMHAT, a Jijisi OCTAIbHBIX 00~
nacreit (L?)gy < 0. Kak ormeueno B [25] ¢ dusuueckoit TOUKH 3peHns 3T0 03HAYACT, UTO
YACTHIA OTTAIKHBAETCH OT obsacTel ¢ Gompimmmu |0%(s)| u npuTsrusaeTcs K oGmacTsM ¢
OOJIBLINTON 110 aDCOIOTHON BeJIMINHE KPUBU3HOIA.

5. [OokasaTtenbCTBO Teopembl 1
g mocrpoenus pe30bBEHTHI onieparopa [, 3anuinem ypaBHeHMe

e2(H. — Nu = f, (11)

(H. onpenensiercs cdbopmynoit (8) mwin dopmysoit (9)), B MATPUIHOM BHJIE, HCIOJIb3YS
pasjiozkenue npoctpancTsa Lo(M) B npsimMyro cymmy

Ly(M) = [xo] ® [xo]™,
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e [Xo] — MOAIPOCTPaHCTBO, HATAHYTOE Ha BEKTOD Xo, & [Xo]t — ero oproromasinmoe m1o-

nostHeHue. Yepez Py u P; O6yiaem 0603HaYaTh MPOEKTOPHI Ha 9TH HONPOCTpancTBa. Tak
kak dbynximn u3 C5°(Q) wiornst B HA(2), To GyHKIMN 119 JaIbHEAIIX ONEHOK MOYKHO

6pars n3 C5°(€2), mocIIe "ero MmoJryHeHHbIe OIeHKH PACIPOCTPAHSATD Ha BCE POCTPAHCTBO
HZ() ¢ nomorpo onepanun 3ambikanug. Paznoxkue dbynxkumio u(s,q) € C°() upu
KazKJI0M $ B psiji Dyphe M0 OPTOHOPMUPOBAHHON cucteme { X, }, Oy Inm

u(s,q) = > Cul()xn(@),  Culs) = (u(s, ), xn(q))ur-

[Tycts Ly — mogmpocrpanctBo B Lo(£2), cocrosiiee w3 dbyuknuit v(s)yo(q), rme v(s) €
Ly(R), a L3 — oproronajbHoe jonojHenue K Lo; COOTBETCTBEHHO 9TOMY (DYHKIUSA U pac-
KJIQJIBIBACTCA B CYMMY U = Ug + U1. SICHO, 9TO

uols,q) = Co(s)xo(@),  wi(s,q9) = > Cul)xn(a), (12)

MPUIEM
UO(Sv Q) = POUJ(Sa q)v u1(37 q) = P1U(S, Q) - U(S, q) - POUJ(Sa q)

IIPU KaKJI0M S. AHAJIOrUIHBIM 0Opa3oM dbyHKIus [ pacKiajbiBaercs B cymmy f = fo+ f1.
Kak mokaszano B |16, omepatop A% ocymecrsiser msomopdusy Mexkay HE(Q) u
Ly (2), ciiemoBaresibHo,

(/Q|AU(S>Q)|2dsdq)1/2 = (i@@(s) —I/nCn(s)|2d3)l/2 (13)

eCTh 9KBUBaJeHTHas HopMa B H5((2).
[Tonoxum
p=r-2 (14)

I BBEJIEM 0DO3HAUCHU S

booCo = (b(CoX0), X0) a5 borur = (bu, xo)ar, bioCo = Pib(Coxo), biiur = Prbuy,

rie b oupeserneno B (9). Anasorndible 0003HaYEHNs OyeM HCIOIL30BATh U JIJIA Olepa-
topos L u L?. TlojcraBus pasioxkenne u = ug + u; B (11), IpUMEHNB DU KaxKJIOM S
npoektopel Py u Py u niepeiis ot Co(s) ¥ vo(s) = £2Co(s), momyaum cucremy
—0%vy + avg — pvg + £Boo (8, Os, €)vo + €Boi (8,05, €)ur = fo(s),
—£20%u; — (331 + 832 + v + ped)uy + By (s, 05)vo+
eBio(s, 0s,€)vo + €Bii(s, €05, €)ur = fi(s,q), (15)

rie

Boo = boo, Bor = €%bor + €0Loy — €0*(L*)o1 + 260 Ly 0,
B?O - éLlo — 92(L2)10 ‘I’ 29L1065,
Bl() = blo, B11 = €2b11 + 66[111 — 892(112)11 + 280.[/1165 — 5’72/4. (16)
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[Tpu BeIBOsIE cucTembl (15) mcnosb3oBatoch coorrornenue Loy = 0, KOTOpoe ciejyer u3
AHTUCUMMETPUIHOCTH oriepaTopa L.
JleBble gacTu cucremsl (15) onmpee/sioT HelpepBIBHBII orepaTop

A:HAR) x HE(Q) N LF — Ly(R) x L

U ISl JIOKa3aTeIbCTBa CYNIECTBOBAHUS PE30JILBEHTHI oriepaTopa H, 1npu 3a/JlaHHbIX € U A
JIOCTATOYHO YCTAHOBUTD, YTO A siBistercst nzomopduszmom. Oneparop A mpecraBisgercs B
Bujie cyMmbl A = Ag+eB, rie Ay onpegensercs us (15), eciu Bece B;j HOIOKUTH PABHBIME
HyJ/1I0, a B onpejensercsa MaTpuaabiMu ssteMentamu B, ;. Eciu p ¢ (1) (0(1p) — cexp
omeparopa 1), To pemtenne cucremsl (15) Ge3 oneparopos B;; MOKHO IOJIyIHTh B SIBHOM
BHJIE C MOMOIIBIO pas3soxkenus (12) u npeobpasosanus Pypbe. B pesymnbrare mosydmm,
aTo omepatop Ay onpenensercs dbopmytanm

Fs—> - BO ) AN
§(f1 1000, Xn) M . (17)
282 + v, — vy — pe?

Vo = (TO - N)_1f07 uy = ZCn<S>Xn<Q)= Cn(5> = F§—1>s<

rje Fy_¢ — npsamoe, a F, ;13 — obpatnoe npeodbpazosanus Oypoe. YuurwiBas, arto u € W,
JUUIS Vg TIOJIyYaeM OIeHKU

[[voll < ell foll; l[wolla = pellvoll < el foll, (18)
rye || - |2 — nopma B ‘H?(R), a koncranra ¢ He 3asucut orT fy € Lo(R). Hepasencrso
(5.8) cmenyer w3 mssecrHoro pasencrsa ||(Ty — p) '] = dist(u, 0(Tp)), cupasemymsoro

JIsi JTFOOBIX CAMOCOIPSIZKEHHBIX OIlepaTopoB (cM., Hampumep, [28] riaBa 6 . 1 npumep
2), nockosbKy 0%vy u3 ypasnenus 0°vg + a(s)vy = fo Bblpazkaercs uepes fo u vg. Kpome
Toro, onenka (18) mosywaercs rakxke u3 obuwmx oreHok crarsu [29]. U3 (17), (18) u Toro,
aro (13) aBigercst sxkBuBajeHTHON HOpMOit B HZ,(€)), mosydaem, uto onepartop Ay npu
e W ne >0 apiagercd n30MOPGPU3IMOM.

Ilpu p € W, rne W onpeneneno B hopMyIupOBKe TeopeMbl 1, OyaeM paccMaTpuBaTh
£B Kak BozMylleHue u nbTarbea crpouth A~ B Buse psaga Heitmana

AT = Ayt + AT C(—eBAY)". (19)

n=1

HCHO, 9TO TeopeMa 1 6y,ZLeT JO0Ka3aHa, €CJIM Mbl YCTaHOBUM CJICJYIOIIEE YTBEP2KICHUE.

Jlemma 1 Hatioémes maxoe g9 > 0, wmo nopma onepamopa BAy' pasromepro oeparu-
wena npu ecexr 0 < e <egg up € W.

HokazareabcTBo. B nanbHeiineM nuCnoab3yloTesa TOJIHKO HEKOTOPbIE CBOMCTBA OIEpa-
TOPOB B?O, B; j, a ne nx konkpernblii BuJl. Tax By, B?O, By — a10 nmuddepennuaibHbIe
OIIEpATOPBI BTOPOTO MOPSIKA, T. €. CYyMMBI 1, Oy, 0%, YMHOXKEHHBIX Ha HEKOTOPBIE KO-
dbunmentsr. Kosdbdurmenror Byy siBsiiorcss 00bIIHBIMU DYHKIUAMA OT (S, [, €), KOID-
buruenter BYy, u By — dbyukimuamu co suavenusamu B H5H (M) N [xo]t. A Boy u By
~ 310 e-nudbepeHnuaIbHbIe ONePaTOPbl, T. €. CyMMbI 1, £0, £20%, yMHOKEHHBIX Ha KO-
3bdunmreHThr, HO 3T KOIMDUITMEHTHI IPEJICTABIAIOT cO00il (DYHKIIUN CO 3HAUECHUAMU B
IIPOCTPAHCTBE JIMHEHHBIX HeNPepBIBHBIX dyHKImonanos na Ha (M) N [xo]t wm B mpo-
cTpaHCTBe JIMHEHHBIX HeIpPephIBHBIX onepaTopos B HA (M) N [xolt coorsercrsenno. [Tpu
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HEKOTOPOM £y > 0 Bce 31U KodpduimeHTsl 6eckoHedHo uddepeHImpyeMbiM 00pa30M
3aBUCAT OT (8, 1, €) npu Beex s € R, u € R, 0 < € < gy u obpamatorcs B Hy/1b 1pu |s| > [.

BBuy ykasanHOII CTPYKTYPBI OLIEpATOPOB [3;; €CTECTBEHHO BOCIOIb30BATHCS HOPMa-
MU C IapaMeTpoM, aHAJOTHYHBIM HCHoIb3oBaBuMed B [29]. Beeaém B H%(S2) nopwmy,
3ABUCAIILYIO OT ITapaMeTpa £:

2
20 = [1€202ull + Y (120:03,ull + 18gull) + Y 11850y, + lledsul + Jlull,

[
j=1 1<i,j<2
rie || - || — mopma B Lo(2). Ecin cienars 3ameny s = es’; To
lu(s,q)ll2e = €' u(es’, @) 2,
a |- |l21 — 3r0 obbranas nopma B H?(2). Tak kak (13) siBIsieTCst SKBUBAJIEHTHO HOPMOIi

B H% (), To muia Beex uy € H2(Q) N Ly sxBUBaIeHTHON HOPMOil Gy 1eT

(i J16465) = = m)CuloP ds) -

9TO HETPY/IHO IOJYYNUTh C IMOMOIIBIO Iepexojia K IpeobpasoBannio Pypbe U paBeHCTBA
[Tapcepasist. C OMOIIBIO yKA3aHHON 3aMeHBI JIEIKO MOJIYyJaeTCs, 9TO ¢ HEKOTOPOW KOH-
cranToil ¢ (npyroit, uem B (18)) BBIIOIHSETCS OIEHKA

¢ (s, q) |2 < [(€207uy + 82, + 02, + vo)ua || =
“ 12
(Z/ £2C(s) — (v — V0)0n|2d8) < cllui(s, q)ll2  (20)
n=1 R

s Beex u; € H% () N L. C nomompio pasnoskenust (12) u npeobpazosanus Oypbe
[IOJLy 9aeTCsl TaKKe HEPaBEeHCTBO

1(£202 + 02, + 02, + vo)ua|| < [|(€202 + 92, + 02, + o + pe”)ua)|| (21)

s Beex < 0. M3 (17) u omenok (18), (20), (21) sicro, 9T0 jyist peIieHnil CHCTEMBI
Ap(vo, u1) = (fo, f1) ¢ HEKOTOPOIT KOHCTAHTOM ¢ BBIIOJHSIETCS OIEHKA

[voll2 + luallze < ex(llfoll + [ /1) (22)

st Beex vg € HA(R), ug € HH(Q) N Ly, p€W, e>0.
B cuiy ormedenHbIxX Bl cBOICTB onepaTopos B, 4,7 = 1,2, npu 0 < € < gg ¢
HEKOTOPBIM £q > () BBINIOJIHAETCS OIEHKA

1B (vo, un) || < ca([voll2 + l[unl]z.e)- (23)

Tak kax (vo,u1) = Ag*(fo, f1), To m3 (22) u (23) Tenepsb moTyIaeM, 9TO

1BAG (fo, fOll < es(Ulfoll + 11421,

rJe c3 = C1Co. Tem caMbIM yTBEPKIEHUE JIEMMBbI JIOKa3aHO.

6. CBepgeHue 3apauv O HaxXoXAEeHUu
COOCTBEHHbIX 3Ha4YeHUW oneparopa H6 K HESBHOMY YpPaBHEHUIO

[Iycts pp uw Wy, BbIOpaHbI Tak, KakK ykKaszaHo B (pOpMyJIUpOBKe TeopeMbl 2. Paccmorpum
3aj1a4y: 1o 3ajanubiM (fo, f1,d) HaiiTu pemenne (vg, ug, ) CUCTEMBI
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— v + avy — pvg + 9Py, + €Boo(s, Ds, €)vg + €Boi (5,605, € )ur = fo(s),
—&*0%uy — (07, + 02, + o + pe’)uy + Biy(s, Os)vo+
eBio(s,0s,€)v9 + eBy1(s,€0s,€)ur = fi1(s,q),
(vo, @) = d, (24)
rae B;j, 1,7 = 1,2 onpenensiorca dopmynamu (16), (-, ) — cKalspHOE IPOU3BEICHIE B
Ly(R), a d u g — ancna. [Togobubie 3a/1a4u pacCMaTPUBAJIUCH B [22] B ¢Bs3U ¢ HCC/IE10Ba~

HUEM T'UIHOJIIMITUYIHOCTU HEKOTOPBIX OIIEPaTOpPOB U B [21]. Yepesz A reneps obo3naTNM
COOTBETCTBYIOILINIA ollepaTop

A HAR) x HA(Q)N Ly x C — Ly(R) x Lg x C.

ITpennoxkenue 1 Jlaa nexomopozo €y > 0 onepamop A npu ecex p € Wy, 0 < e < g
ABAAECMCA USOMOPPUSMOM U ¢ HEKOMOPOT, KOHCMAHMOU C SUINOAHACTNCA OUEHK

[voll2 + llurllze + gl < e(llfoll + [[ 2]l + |d). (25)

JokazaTeabcTBo. 3armmiem A B Buje A = Ag + B, tyie Ay — onepaTtop, 0OTBEYAIOIINIA
cucreme (24) 6e3 ciaraeMblx ¢ B; ;. Obparusrit oneparop kK Ag 3amaérest aBHbBIME DOpPMY-
namu. Eciu Ty — p1 pacemarpubarh Kak oneparop us H2(R)N[xo]t, B [xo*t, To as u € W,
oH UMeeT oOpaTHbII OnepaTop, KOTOPLIit Gy/IeM Ha3bIBATH PEJyIUPOBAHHOM PE30/IbBEHTOH
u obo3HauarTh Kak Ry (u). Popmysbl jisa obpatienust oneparopa Ay UMEOT Bu/T

vo = Ri(1) (fo — (fo, @) 1) + d®y, g = (1 — py)d + (fo, By, (26)

a uy onpegensercs dopmysoi uz (17). Kak u B 1. 5, orcrofa nosmydaem, aro Ay npu p €
Wi, 0 < € gaBagerca uzomopdusMoM u Jyisi perernii cucrembr Ag(vo, u1, g) = (fo, f1,d) ¢
HEKOTOPOI KOHCTAHTOI | BBIIIOJIHACTCA OILICHKA

[voll2 + [[urllac + gl < ex(([foll + [1A2l] + [d]), (27)

anajorndnas ornenke (22). Bmecro (23) Teneps nosydaem
[ Boovo + Borua || + [ Biovo + Buiua || < ea(([vollz 4 [Juall2c) (28)

pu 0 < € < g9 ¢ HEKOTOPBIM £g. OTCIO/A TIOJIyYaeM, YTO Jjist perieHuii cucreMbl (24) npu
e W, u0<e<egc HEKOTOPBIM g > () BBINOJIHSIETCS OTeHKa (25).
Bynem obosnavars g us cucrembl (24) xkak g(u, e, fo, f1,d).

Ipengoxenne 2 Yucro N, npunadaesicawee Wy, + v9/e2, npu 0 < € < gy, 2de Wy, u g
yrasanv, 6 npedaoscenun 1, moada u moavko moz0a AGAAEMCA COOCMEEHHBLM 3HAUEHUEM
onepamopa H., xo20a

G(p,€) =0, (29)
2de |1 ceasano ¢ A gopmyaot (14), G(u,e) = g(u,,0,0,1).
JokazareabcTBO. ZlcHO, 94TO A gBJIeTCsS COOCTBEHHBIM 3HaUYeHneM oleparopa H, Tormga
U TOJIbKO Torja, Korja cucrema (24) npu fo = 0, f; = 0 umeer Takoe perieHne, ITo

luolla + luillze #0 uw  g(p,e,0,0,d) = 0.

[Ipu 3T0M 1m0 d JOJIKHO OBITH OTJIMIHBIM OT HYJIS, TOCKOJIBKY U3 fo =0, f1 =0, d =0
B cuty m3omopduocTn orepatopa A jomkHO cienoBath, uto ug = 0, u; = 0. B cuny
muHeitHocTn 3agaqau ¢(u,€,0,0,d) = g(p,,0,0,1)d u Mbl mOTy9IaeM, 9T0 COOCTBEHHbIE
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sHaveHus oneparopa H. onpejensiorces ypasaenuem (29). Tem cambiM npejjiozkeHue 2
JIOKa3aHO.

Hawm nomamoburcst Takzke yTBEpXKJIEHHE O TJIaJKOCTH perneHuit cucrembl (24). Bae-
.. 27m - - .
JIEM TIPOCTPAHCTBO Hsj )(Q), cocrosimee u3 gpynknuii, 11t Koropbix du € H%(Q), j =
0...m, u upu € > 0 onpejae/nM HOPMY, 3aBUCHIILYIO OT €, B 9TOM IIPOCTPAHCTBE!
Y ? ?

m
ull@mye = > 107ull2.c.
j=0

[Ipu £ = 1 mosryuaeM 0OBIIHYIO HOPMY. AHAJIOMTIHBIM 00Pa30M OIPEJIE/INM TPOCTPAHCTBO
HO™) (), cocrosimee u3 DyHKIMIT ¢ KOHEYHOH HOPMOit

1 llom = > 10211
=0

tak aro H(*0(Q) = Ly(Q2). Oneparop A MOXKHO paccMaTpHBATL KaK 0TOOpazKeHue
A HPR) x HE™(Q) N LE x C = H™R) x HO™(Q) N L x C. (30)

IMpeamoxkenne 3 Jlaa a0boz20 yenozo m > 0 natidymes maxue €, > 0 u ¢y, wMo npu
p € Wy, 0<e < e, onepamop A 6 (30) asasemea usomopPusmom, a ecau umeemcs
pewenue cucmemvi (24) vy € HA(R), uy € HE(Q)NLE, fo € H™(R), f1 € HO™(Q)N L,
mo

vo € HA™R), uy € HE™(Q) N LE (31)

U B8BINMONHACTNCA OUEHKQ

[vollm2 + [lurll@my.e + 19l < em ([ follm + [ frllom) + 1d])- (32)

HokazareabcTBo. Kak mpu jgokazarebcTBe MpejiokeHus 1, n3 aBHbIX pOpPMYyJT 00pa-
menust oneparopa Ag yist permennit cucrembt Ag(vo, w1, g) = (fo, f1, d) nonydaercs ornenka

[vollm2 + [[uall@my.e + |9l < ex([ follm + [ frllom) + 1), (33)

aHajorndHasg (27), a BMecto (28) mosydaem
| Boovo + Borti||m + || Biovo + Biiui | 0m) < ca(||vollmse + 11l 2m).e) (34)

C JIPyIUME KOHCTAHTAMU 1 U Cz, 3aBucsimumu oT m. Orcioa noaydaeM, 9to psiy Heiivana
(19) st mammx omeparopoB Ag u B nipu pn € Wy u 0 < £ < &, ¢ HEKOTOPBIM &, > 0
Gyzer cxomuThes, ecin BAg ' pacemarpusarh Kak onepartop B H™(R) x H%”m) NLy. B
pesyJsibTaTe MbI oIy 9aeM BKodeHns (31), a onenka (32) HEIOCPECTBEHHO BBITEKAET M3
HepaBeHCTB (33) u (34); TeM caMbIM IIpe/IOXKeHIe 3 TOKA3aHO.

7. [NokasaTtenbCTBO TeopeMbl 2

Hokaxkem, aro dyukius g(u,e,0,0,1) musgs p € Wy umeer npemen npu € — +0 wu,
€cJm JIooNpe e uTh €€ npu € = () 3TuM mpegesaoM, TO 3Ta (PYHKIMT TPUHAIJIEKUAT
C®(Wy % [0,€0)). A /Jist 5TOTO JOCTATOTHO MOKA3aTh, YTO OHA MMeeT OrPaHIIeHHbIE TacT-
uble mponssoamsie B Wi, x (0,¢(), tae & — moboe 0 < €f, < €.
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Ipu p € Wy, 0 < & < gy JyIsi HEKOTOPOTO £y oneparop A aHaJIUTUIECKH 3aBUCHT
OT TIAPAMETPOB [ U € W, B CUJIYy HPEJJIOKeHUs 1, oOpaTuM, CJIeJ0BaTe/IbHO, Uy, Uy (Kak
byukiuu co snadenusmu B npocrpancrax H2(R) u H%(Q2) N Ly)) u g Takke anasm-
THYECKH 3aBHCAT OT STUX [apaMeTpoB. AHAJIOIHYHBIM 00pPa30M, B CUJLY IIPeJJIOKEHUs
3 OHHI, KaK 3JIEMEHTHI HPOCTPAHCTB U3 JeBoi dactu (30), aHAIUTHYIECKH 3aBUCAT OT [
we (npnp € Wi, 0 < & < &,). O6oznauum v = Iprarvg, u ulmm) = = ool uy,
g(nl,n2) — aﬁlagzg

IIpennoxxenue 4 Jina aobvx vyeavir n > 0, m > 0 natidymesa maxue €ppm > 0 u
KOHCIAHINDL Cry gy, 40 NPU 1 € Wi, 0 < € < € U KOMEUHOT || f ||t @ || f1]| (0,metn) Ot
peweruti cucmemuvi (24) uNOAHAIOMCA OUEHKY

0,n (0,n) n
108 Nlasm + 116" N @mye + 199 < Cmn(l follmin + || Fill@miny +1d))- (35)

Hoxka3zareabcTBo. Byjem nokaseiBars (35) 10 unykuu. B cuity npejjioxkenus 3 Hepa-
BeHCTBO (35) Boimosaeno upu n = 0. [Ipeanonozxkum, ato (35) BBITOJHEHO IPU BCEX 1M ISt
n < j—1u gokazxkem, 9to (35) OymeT BHITOTHEHO TIpu Beex m i n = j. nddepennupyst
(24) 1o €, mosyunm

(=02 + a — )y ) g ODd + eByo(s, 05,5)110 D 4 £Bo1(s, €0s, g)u1 04) — = Fy(s),
(=02 — 02 — 02 — vy — e 2u") 4 BY (s, 00" +
eBio(s, Os, e)v(()o’j) + eB11(s,e0s, s)ugo’j) = Fi(s,q)
(07, @) = 0. (36)

Baech Fy cocront u3 cymmbl ciraracmpix —C' (837 ( Byo) ) v u —C’}(@g_"(aBm))ugo’i), e
1 < 7—1. Ucnonbsya cTrpyKTypy oneparopos B;j;, 1,7 = 1,2 u npeno/ozKenue NHLyKINN,

IIoJIy4dacM

Jj—1

0,i 0,i
1Follm < €U0 lzsm + 168" N @msi—ie) < el follmes + [ filloums) + 1d]).
=0

A Fy cocrout n3 caraeMbiX, KOTOPbIE OIEHUBAIOTCS aHAJTOIMYHBIM 00PAa30M, U €Ilé JIByX
0.j—1 0,j—2
cJIaraeMbIxX QCjeﬁgug iy QCfﬁfug 772) | KOTOpBIC OLCHUBAIOTCS TAK:

0,j—1 0,j—2 0,j—1 0,j—2
10267V (g my + (020l )||0m><ueauﬁﬂ Mot + 16872 0 21m) <

0,j—1 J—2)
T gminye + 167 N @mizye < el follmss + 1 fillomesy + 1d])-

Juy
B pesysprare mosydaem

[Eollm + 1 F1l[0.m) < Ul follmrs + [[f1ll0mes) + 1d])-

Teneps (35) ciejyer u3 npejjioxKenust 3, IpUMEHEHHOTO K cucteMe (36), u mpejjioyKeHne
4 J10Ka3aHo.

C HOMOIIBIO WHIYKIIUK 110 7| aHAJOIMYHBIM 00pa30M YCTAHABINBACTCS OICHKA MPO-
U3BOJIHBIX, cojiepzKamux uddepeHinpoBatus M0 [, IPU 3TOM OleHKa (35) siBjsiercs
HAYAJIOM MHYKIIAH.
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IIpennoxkenue 5 Jlaa awobvxr yeavir ny > 0, ng > 0, m > 0 watdymesa makxue xKoH-
CIAHINDL Cry gm, MO npu ft € Wi, 0 < & < €y U KOHEUWHOT || flmans U || 1]l(0m-4n2)
dns pewenutdl cucmemovt (24) 6uNOAHAIOMCA OUEHKU

105" o+ 65 | @y + 1972 < oy (|| Follmns + | Fill @mtna) + [d]). (37)

Terepb MbI MOXKEM JI0Ka3aTh Geckoneunyto auddepeniupyemocts dyukuuu g(u, €,0,0, 1)
na Wy, x [0,&0). Kak yzke orMeuasocs Bbliie, /I 9TONO JIOCTATOUYHO YCTAHOBUTH OIPAHM-
YEHHOCTH IIPOM3BOAHBIX OT ¢(u,€,0,0,1) na [0,g;), rme 0 < g < g9. Ho a10 cremyer u3
YCTaHOBJIEHHO! paHee aHajuTuaHocT GyHKmu g(u,£,0,0,1) mpu p € Wi, 0 <e <egm
oreHok (37).

AHaIOrnIHbIM 06PA30M yCTAHABJIUBAETCS, UTO Vg U U1 (KaK (DYHKIMUA CO 3HAUCHUSIMU
B H*™(R) u Hg’m)(Q)) st fo =0, fi =0, d = 1 umeror npegenst npu € — +0.
Hoonpejenus ux srumu npeienamu npu € = 0, nosyunm dyuxiwu uz C° (W x [0,e,,)).
[Mepexonst k mpegeny npu € — +0, B IePBOM U TPEThEM YPABHEHUSAX CHUCTEMbI (24),
[IOJIYYUM

(TO - /L)'UO + G(:u7 O)(I)k - 07 (U07 (I)k) = 17

ciegoBarebho, vg = Py u G(p,0) = p — pg. Hosromy 0,G(pt,0) = 1 # 0 u yrBepxxaenue
TEOpPEMbI 2 TelepPb BBITEKACT U3 IPEJJIOKEHNs 2 U TEOPEMbBI O HEeSIBHON (hyHKIINN.

B 3aksmouenne aToro myHKTa BLITUCIIM KO3MDOUIUEHT dj, 1 U3 aCUMITOTHYECKOI'O Pa3-
noxenust (3). Omsare B3sB fo = 0, f1 = 0, d = 1, u nepexoa K npezeny npu € — +0 B
epBOM ypaBHeHun cucreMbl (36) pu j = 1, morydanm

(To — uk)véo’l) + GOV (g, 0)® + boo(s, D5, 0)vg = 0,

rie b onpegiesiercst u3 (9). Kak Toapko 90 6bLI0 MOKa3aHo, vy = Py, mosTOMY, YMHOZKAS
cKajapHo Ha Py 9TO ypaBHEHUE, MTOJIYIUM, ITO

GO (j15,0) = —(boo s, Dy, 0) D, D).

cJjieJ0BaTeJIbHO,

G(OJ)(NM O)
dpy = —W = (boo(s, 05, 0) D, D).

8. dopmynupoBka OCHOBHOro pe3ynbTaTta B
cjqly4ae KOHEe4YHON 3aMKHYTOW TPyOKu

[Tycrs B R® umeercs riajikas HecamolepeceKarolasicst 3aMKHyTasg Kpusag [, 3a1annast
ypasuenuem x = X (s), x = (21, x9, x3), TJe § — JynHa IyTH (co 3HaKOM) KpuBoii [', orcuan-
TaHHas OT (bUKCHpoBaHHON ToukH xo € [', X(s) — mepnopndeckast HYHKIWS ¢ IEPUOTOM
| (re. nymna xpupoil pasna [). B ganbneitmem Gyjer yjobHo cuurarh, uto s € Si, e
S} — okpyzxmuocts bl [. Tepes e;(s) Gyaem 0603HaUATH €IMHUYHBI KacaTebHbINH BeK-
Top €, = X (s) (Touka 37€Ch U Jajee O3HAYAET IPOUM3BOAHYIO 10 ). Kak u B [4], Gymem
[pe/IIoJIaraTh, 9To0 B TOUYKaX KpUBOil I' 3a/1aHbl BEKTOPHI €2(s), e3(s) kracca C'™, mpuaem
(€1, €2, €3) 00PA3yIOT HPABbIl OPTOHOPMUPOBAHHBIN periep.

[Tycrs Ha miockoern R? ¢ koopaunaramu (go, q3) UMeETCs CBsI3HAS OTPAHUICHHAS 00-
nactb M ¢ beckonedHo TU1a 1Ko rpanutieit OM . Beejem B okpectHOCTH KpuBoii I cucremy
KOOpAMHAT (S, G2, (3), TAK 9TO
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x = X(s) +cqes +€qses. (38)

Kot eM Ha3bIBaTh 00JIACTD B KOTOpas ToJIydaeTcsd Kak obpa3 topa () =
Tpybxoti 6 6 Q. B R3, 9 Q
S} x M upu orobpazkenuu (38). 31ech MaJIblil HapaMeTp &€ BBEIEH i TOTO, YTOObI IMETh
BO3MOYKHOCTBH paccMaTpuBaTh "ToHKHE' TpyOKH.
M IIpeJIToaraTb, 9TO OT JKEHN B Th 1IN M M3M, 9TO 3aBe-

Byne eJioJiaraThb, 9To orobpazkenne (38) B {2 ec €0MO 3M, 9TO 3aBe
JIOMO BBITIOTHACTCS IPU JIOCTATOYHO MaJIbIX €. Takum obpasoM, (S, (o, @3) MPEICTABIAIOT
co0oitl KpUBOJIMHENHbIE KOOPJAUHATEI B {),.

CdopmyaupyeM OCHOBHOI pe3ysbTar craTbi. B TpyOke (). paccMOoTpuM oOmepaTop
[MIpemunarepa

H = (=i0,— A+ V4 Vs = (=i, — A1) 24 (—i8y — A3)*+ (=10, — Ag)24+V +Vis. (39)

[Morennman V(z,e) n xomnonentst A;(x,e) Bekrop-norennuana A(x,e) OygeM cauTarh
riaagkumu (Kiaacca C'°) BerecTBeHHbIMU (DYHKITUSIMU, KOTJIA & HAXOJUTCA B OKPECTHOCTH
kpusoii I' u 0 < & < gy ¢ HEKOTOPBIM &g > (), BEIIECTBEHHDIN TTOTEHIUAT Vi, UMEeT BUL
w(qo, q3)/e%, w € C(M), a H Gy/ieM paccMaTpUBaTh KaK CaMOCOTIPSIZKEHHBIH OTIepaTop ¢
CYTIECTBEHHOI 00JIACTHIO OIIPeJIesIeH sI, COCTOsel n3 rraakuxX (Kiaacca C') dbyHKImit ¥

B ()., YAOBIETBOPAIOMUX HyJIeBOMy ycaosmio Jupuxie. Y3 o6mmieit Teopmu S/ THHecKnx
KPAEBBIX 3324 CJIeJIyeT, YTO 00JIACTBIO ONmpejeenus onepaTopa H sapjigerca mpocTpan-
crtBo H% (€).), cocrogmmee uz dbynxuuii cobonesckoro npocrpanctsa H2(€).), yaosiaeTso-
PAIONIIX HysleBoMy yciosuio Jupuxiie, T. e. oOpallalomuxcs B Hyjlb Ha TPaHUIE 00JaCTH
(). (cooTBeTcTBYyIOIIEE paccy K/ IeHue puBeieHo B [16], cm. Takxke [30] roraBa 2 1. 8.4). Ha-

nomuuM, uto u € H2(€).), ecin dbyHkiua u u eé 0606IeHHbIe TTPOU3BOIHBIE /10 BTOPOTO
HOPS/IKA. BK/IIOIHTEILH0 npumasteskar Ly(Q.) (en., nanpumep, [26]).

OcHoBHasI 11€/Ib TO CTATbH COCTOUT B TOM, YTOODI IOy YUTH ACUMIITOTHIECKYIO hOp-
MYJIy JIJIsl TIOBEJIeHHsT COOCTBEHHBbIX 3HadeHnit oneparopa H npu € — +0. Ocobyio poJib
B 9TOi (popMmyJie UrpaeT HEKOTOPBIi ojHoMepHbIi ontepaTop [peaunrepa Tj, KOTOPHII,
cJietyst TepMuHOJIOrHn 13 |7|, Oymem HasbBaTh pedyyuposarvim onepamopom (B 25| ana-
JIOTUYHBIN OTepaTop HasbiBaeTCst (PMEKTUBHBIM TaMIJILTOHUAHOM ). TOOBI OIpeIenTh
9TOT OIEepaTop, 0003HAUNM HYepe3

Vo< << ---<y, <.

cobersennbie sHadenust onepatopa —AM 4w, (=AM — oneparop Jlamnaca B obmactu M),
a aepes { X, }5° — COOTBETCTBYIOIIYIO MOJHYIO OPTOHOPMUPOBAHHYIO CHCTEMY COOCTBEHHBIX
bynxuuit oneparopa —AM +w. Oyukimu x,, MOXKHO BHIOPATH BEIECTBEHHBIMEI. XOPOIIO
MU3BECTHO, YTO OCHOBHOE COOCTBEHHOE 3HAYEHUE 1y HEBBIPOKIEHO M Yo MOYKHO BBIOPATH
nostoxkurenbuoit B M (em., manpumep, [27]). Beegém omeparop mpoekimu MOMEHTa Ha
nepByio ocb L = —i(qa0, — q30,,) 1 obosuauum uepes (L?)g cpenpee 3navenue L* B
cocrosgHun Xo, T. €. (L*)oo = (L*X0, Xo)ar, e (-, - )y —CcKassipaoe npousseienue B Lo(M).
Anajiormanoe obozHadeHne OyIeT MCIOIL30BATLCA U I JIPYIUX OIIEPATOPOB.

[onoxkum AJ(s) = A(X(s),0)-e(s), VO(s) = V(X(s),0),( = éa-e3, v(s) — kpususna

kpupoit [' u paccmorpum ogHOMEpHBIH oneparop Ipeaunrepa

7, = (=i, = A2 = T 4 2 (a) (120 +V0(5) (a0




32 pywmn B.B.

¢ 00JIaCTBIO OIIPEJICICHIS ngr (R) (mpocrpancTBo [-lepuogndeckux (byHKIHH, TOKATHHO
npunayiexkamux H?(R)). pocrpancrso H2,,.(R) Gymem obosnauars Takxke kak H?(S)).

[ycrs py, k = 1,..., — cobersennble 3Havenns oneparopa Ty, a ®p(s) — coorser-
CTBYIOIIIE HOPMUPOBaHHbIEe coOcTBeHHbIe QyHKINU. CrekTp oneparopa Ty JTUCKPETHBIHI
¢ COOCTBEHHBIMU 3HAYCHUAMU He 0oJjiee, 9eM BTOPOW KPATHOCTH, OH 0DO3HAYAETCS KaK

o(Ty).

Teopema 3 Ecau W C C — oepanuvennas 0baacms Ha Komnaekchot naockocmu u W
ne codeporcum mowex u3 o(Ty), mo cywecmeyem makoe 9 > 0, wmo das ecexr 0 < € < g
6 W+ 1y/e? nem cobemeernvix snavenuti onepamopa H.

Teopema 4 [Iycmo jy, — Hexkomopoe npocmoe cobemeenHoe 3HAYEHUE PEIYUUPOSAHHO20
onepamopa Ty u Wy, — maxas ozparusennas obaacmo, codepocawas [y, wmo Wy ne co-
deporcum dpyeux mouex uz o(Ty). Tozda npu nexomopom g > 0 daa ecex 0 < & < &g
cywecmeyem eduncmeennoe cobcmesennoe snaverue \,(€) onepamopa H, npunadaesca-
wee Wi + 1p/e%. Omo cobemeennoe snanenue neswiposicdeno u uy(e) = \(g) — v/
umeem npeden fu, npu € — +0. Ecau noaoorcumo i, (0) = pug, mo pux(e) € C[0, &).

JlokazaresbcTBO TeopeM 3 u 4 Oyjer jgaHo B 1. 8 — 12.

CaencrBue Jlaa cobemeennozo snavernus Ap(€) uz meopemuvr 4 npu € — +0 umeem
MECTNO ACUMNIMOMUYECKOE PA3NOHCEHUE

v, [eS)
Aie(2) ~ 6—‘2) et Y, dea™ (41)

HeiictBuresbro, (41) ciaemyer u3 dhopmyisr Teitiopa, TOCKOIBKY B CHILy TeOpeMbl 4
dbyuxuus py(e) Geckoneuano guddepenupyema mpu 0 < e < gy. Koadbdunuenr dy ; 6yger
BBIYHMCJEH B KOHIIE II. 13.

Sameuanme 1 B dokazamesvcmee meopem 3 U 4 UCnOAb3YEMCA He KOWKpemHwvil 6ud
onepamopos b u b’ uz (46), a moavko ux c6olicmea: IMoO CUMMEMPUMECKUE ONEPAMOPbL
6mopozo nopadka, npuvem b ne codeporcum npousdeodnoti 02 u by = 0. Henwviii 6ud smux
ONEPAMOPOS HYNCEH AUULDL NPU BHUUCAEHUL KOHKPEMHOIL 3HaUeHUl Koapduyuernmos 6
pasaooiceruu (41).

Bameuanue 2 Cayuatl kpamnozo cobcmeennozo anauenus onepamopa Ty obcyotcdaemcs
8 n.14.

B zak/rouenne 9Toro myHKTa IpUBEIEM IPUMED, B KOTOPOM BCe COOCTBEHHBIE 3HAYEHUS

onieparopa Ty pocThIe.
Ipumep 1. Pacemorpum oneparop H = —A + x1, a B KadecTBe KpuBoil I’ — OKpyzK-
HOCTDb pajimyca R Ha KOOPAMHATHON IJIOCKOCTH (X1, T2) € MEHTPOM B Havase KOOD/MHAT.
B rakom ciyuae X(s) = (Rcos(s/R), Rsin(s/R),0)), Tpy6ka €. npeacrapuser coboit
BHYTPEHHOCTb TOPa, a pe/lyllupoBanHblii oneparop (40) nmeer sug Ty = —0% — 1/(4R?) +
Rcos(s/R).

CobcerBennble (DYHKIMU 3TOrO OIEpaToOpa ABJSIOTCA HEPUOJANICCKAMEI PEIICHUSIMI
ypaBuenusa Marbe ¢ nepuojiom 2mR, a perenust ypaBuenuss Martbe ¢ 3ajaHHBIM TIE€pPU-
0JIOM MOTYT 00pa30BbIBATEL HE OoJiee, YeM OJHOMEpHOe mpocTpaHcTBO (cM. 27| riasa 13
npumep 1 K teopeme 13.90), ciegoBaresibHO, Bce cOOCTBEHHBbIE 3HAYeHUs onepartopa Tj
IPOCTBIE.
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9. Onepatop H B koopauHaTax, CBSI3aHHbIX C TPYOKOW

B sT0M myHKTE MBI [IOJTy9rM BbIpazkeHue Jijis1 orneparopa H B koopauHatax (38). CHauasa
nepeitziem ot x K KoopauHaTtaM y = (Y1, Yo, ¥3), Tak 9o = = X (y1) + yo€2 + y3es3, mpudiem
y1 = s. [omoxum

h=1+ y2(é2, el) + Z/B(és, 91), L= —i(yzayg - 3/381;2)7 ¢ =és-e;. (42)

B koopaunarax (y1, Yo, y3) oneparop H npuobperaer Buj

H = 17 ((=i0y, = CL = Av+ MR (=0, = CL = Ay + CMu)+
1
(=0, = A)h(=i0y = As) + (=i, — Ag)h(=i0,, — Ao) +V + Sw(2, %), (43)

22
e My = yo Az — ysAa, A= J*(y)A(z(y),e), J* — rpanciionnpoBannast Marpuia fxobu,
dx = Jdy,V =V (x(y), ). Dra dpopmyia aHAJIOTHIHA U3BECTHOMY BBIDAYKEHUIO OlIEPATOPa
Jlarmtaca B KpUBOJIMHEHHO( crcTeMe KOODJMHAT depe3 MeTpudeckuii Tenszop (cp. [4]-[7],
[25]). [Mogcuér merpukn B KoopamHatax (Yi,Ys,Yys) MTPUBOAUT K MPOCTOMY BBIDAYKEHUIO
JIUIS KOMIIOHEHT COOTBETCTBYIONINX METPUIECKUX TEH30POB

g —Cyz +Cyo N 1 1 —(12 —013
(gij) = | —Cys3 1 0 ) (7)== —-912 g+ 9%2 g12 913 |,
+Cy2 0 1 g —g13 Q12013 9+ 9is

riie g = h%, gi1 = g+9%+gi5. npuuem g = det(g;;) n h siBIgIETCA AKOOUAHOM DU TIEPEXOJIE
K KoopiuHaTam (Y1, Y, y3). C yuerom pasencrsa J, - (hJ 1) = 0, KoTopoe npoBepsieTcst
HeIocpeICTBeHHBIM i DePEeHIIMPOBAHIEM, 101y TaeM

iy — A) (=il — A) = T iy — JHA) - T (i — JA) =
Yy Yy
3
1 .
%(—iﬁy S TA) T i, — T A) = 1S (i, — Ah g (—id,, — Ay),

ij=1

OTKY/Ia MOCJIe HECJIOKHBIX IpeobpasoBanuil u nosyvaercst opmyiia (43).

Eciu (e, ey, e3) — peniep @pens, to ( = K, TJe £ — Kpydenue Kpusoii I', a B obiiem
cayaae ¢ = K+, Tie ¢ — yrout HoBopoTa Gasuca (e1, €9, €3) OTHOCHTETBHO periepa Ppens.
Besmanny ((s) O6yaeM HasbBaTh enympennum kpyuenuem mpyoru. Popmyma (43) npn
A = 0 ucnosszosanace B [17],[19].

Teneps nepeiiaém or H K oneparopy H = hY2Hh=/2, xoTopbiit 3amiimem B KOOpJIH-
Hatax (Y1, Y2, y3). lIpeacrabus H B BUjIE

H = (— 0, — CL— Ay + (M + “‘Z’ag; CLW)W( iy, — L — Ay + (M,

(=GO (g, BN (g ),

2h 2h 2h
(—zays—Ag—Qy—;’l —zﬁys—Ag—i-Qy—; +V+€—2w(€,?).
cnonbsys cooTHomenue (€;,e1)% + (éz,e1)? = (€1,€1)? = 2, tae v(s) — KpubusHa

KpuBoii ', 11ocjie HEeC/TOXKHBIX BBIUNUCJICHUI TTOJTydaeM (DOpMYyTy
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H = (=i = (L= Ay +CM) 75 <zay1 (L — Ai + (M) + (=id,, — Az)*+

2 2 ~ 2
7 (@0, + CL)*h) | 5 ((i0y, + CL)h) 1y oys
4h? 2h3 +4 h4 +V+€2w(5’ 5)' (44)

(—idy, — A3)* —

Ormernm, aro dopmyia (44) npu ((s) = 0 u A = 0 umeercsa B [9], a npu A =0 — B
[19]. Tlepeiizem ot (Y1, ya,y3) K Koopunaram (i, g2, ¢3) = (y1,€ 'Yz, €~ 'y3). lpescrasum
Aj(ylay2>y37€) n V(ylay2>y37€) B BUJIE

V = VO(QI) + Evl(qla q2, q378)7
Aj = Al q) + Al () + e A q) g + A (1) gs + €2 A (a1, @2, g3, €), §=1,2,3.

Baecs VO(q1) = V(X(q1),0), AY(q1) = A(X(q1),0) - e;. Jdeiicturensro, 0603Ha4nB 9epes
€, KOOp/IMHATHbIE OPTHI B CHCTEMe KOOPJMHAT (Y1, Y2, Y3), HOJTyHaeM

Aj(y1) = A1,0,0,0) - &; = J"A(X (11,0)) - €] = A(X(1,0)) - e;.

J

HCHO, qTO JJIdd JOCTATOYIHO MaJIbIX & OllepaTop H MoxxHo 3amnmcarhb B BHUJIC

T . 0 2 0 1 72(611)
H. = (_@arn —Al(q1) — CL)" +V(q1) + 5—2w(Q27Q3) T +

3

> (—ie 0, — A%Nq1) — eANqr) — eA(q1) g2 — eAX(q1)gs)? + e blg, —iD,, €),

=2

rie b b depeHImaIbHbIi olepaTop ¢ OECKOHEYHO ,ZLI/I(bd)epeHLLI/IpyeMbIMI/I 1o (g,¢€) Ko-
sppurmentamu B € x [O 50) ¢ HEKOTOPBIM £¢ > (. YTOoOHBI erie ynpocTuTh H67 nepeiijiem
K oneparopy H' = h~'H.h, rue

5 2

h = exp(ie((Alar) + e AN (q1)a: + e Ad(a) 2

5 T (AYq1) + e Ab (1)) as + e A (q1)

))-

N[

B pesynbraTe momydmm onepaTrop

H. = (=0 — A?(Ql))2 - 572(832 + 5’33 — w(q2,q3))—

. 1 .

2{—28(11 - A?(Ql); C}L + §2L2 + Ly + Vo(q1> - 172((]1) + gb/(% _Zaqv 6)7 (45)
rie Ly = 2i(A3(q1)q30,, + A%(q1)q20,,), {C, D} = (CD + DC')/2 — cummerpusanust orie-
paTopoB. 3aMeHuB ¢ Ha s U 06o3HauuB b = Ly —2{—i0, — A(s), (} L, samummem onepatop
H! B BuE

H. =Ty — 8_2(332 - 333 —w(q2,q3)) + b+l (s, qo, g3, —i05, =10y, —104y, €). (46)

Nmenno sta dpopmyria u OyIeT UCHOIb30BATHCS B JAasibHelimeM. Orverum. 1o byyg = 0 B
CHJIy @aHTHCUMMETPHUYIHOCTH OIEPATOPOB (30,4, U ¢20¢3 OTHOCHTEIBHO CKAJIAPHOIO IIPOU3-
Begenust (-, ).

Tax kak H! yHuTapHO 9KBHBaJIEHTEH HCXOHOMY onepatopy H, TO coOCTBEHHbIE 3HA-
YeHHs STHX OlepaTopoB coBrafaioT. [lepexos or oneparopa H K H. paBHOCHIIEH TIEPEXOY

OT KOOD/JUHAT T K KOOD/IMHATAM (8, q2,q3) u 3amene pyHKuuu ¢ B ypasuenun Hip = \ip
ua h=/2hu.
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10. [doka3aTenbCTBO Teopembl 3

J171s1 mocTpoeHnst pe30JIbBEHTHI orepaTopa H. 3amminem ypaBHeHHe
2 / o
€ (Ha - )\)U - f7 (47)

(H! onpenenserca dopmyinoit (45) nam dopmyioii (46)) B MATPUYHOM BHUJIE, HUCHOJIB3YS
paz/oxkenue npoctpancTsa Lo(M) B npamyio cymmy Lo(M) = [xo] ® [xo]*, te [xo] —
IIO/IIPOCTPAHCTEO, HATSAHYTOE Ha BEKTOD Xo, & |Xo]T — €ro opToroHajibHOe JIONOJHEHHe.
Yepes Py u P, O6yjem 0603Ha9aTh TPOEKTOPHI HA 9TU MTOITPOCTPAHCTBA. TaK Kak (DyHKINHI
3 C>(Q)), obpamatommuecs B Hymb Ha 02, miotae B H2 (€2), To byHKINT 171 abHeii-
X OTEHOK MOYKHO 6path m3 C™(£)), mocsie 4ero mosryueHHble ONeHKH PacpPOCTPAHATD
na Bcé npocrpanctso H%(€)) ¢ nomompio onepanuyn 3aMblKanusg. Pasaoxkus dyHKIUIO
u(s,q') € C=(Q) (u(s,q) = 0 ma OQ)UpH KaxKJIOM 5 B PAJ IO OPTOHOPMHUPOBAHHOMN CH-
creme {xn}, nomyanm

u(s,q) =Y Cu()xnld),  Culs) = (u(s,¢), xa(d))ar-

Baeck u nasee ¢ = (g, q3). llyers Ly — moampocrpanctso B Ly (€2), cocTosiee u3 byHKIIHit
v(s)xo(q'), tie v(s) € Ly(S}), a L5 — oproronaibhoe jonosnenue K Lo; COOTBETCTBEHHO
STOMY (DYHKIUS U PACKIAIBIBACTCS B CYMMY U = g + t1. flcHo, 910

uo(s,q) = Cols)xo(q),  w(s,0) =Y. Culs)xald), (48)

IPUIEM
UO(Sa q/) - P0U($7 q/)7 Ul(S, q/) = P1U(S, q/) = U(S, q/) - PUU(S’ q/>
LU KazkKJI0M S. AHajoruaubiM obpaszoM yHKIus [ pacKiajbiBaercd B cymmy f = fo+ f1.

Kax 970 cie/yer u3 Teopun SJTHIITHYECKIX KpaeBbIx 3a/1a4 (eM. Hampumep, [26],[30]),
oneparop —A + w(q') — vy + 1 ocymecrsister uzomopdusm mexry H(Q) u Lo(£2),
CJIeZI0BATEBLHO,

1/2

QLKA—w@Wﬂm—Dm%wwo (é;%”aﬁ%4%—%+UCA$F¢JU2M%

ecTh 3KBUBaJieHTHast HopMa B H % (£2).

ITosozkum
)

p=A-

(50)

7 BBEJIEM 0DO3HAYUCHU

booCo = (b(Cox0), Xo)m, borur = (bux, xo0)m, b10Co = Pib(Coxo), biiur = Prbuy,

rae b onpeserneno B (46). Anamorndnble 0603HavYeHsT Gy/eM UCIOIBb30BATh U JJIsl JPY-
rux omeparopos. [loncraBus pasioxkenne u = ug + uy B (47), IPIMEHUB IPH KaxKJIOM S
npoexkropsl Py u Py u nepeiifs or Co(s) k vo(s) = £2Co(s), moyunm cucremy

(To — p)vo + €Boo(s, 05, €)vg + €Boi1(s, €05, €)ur = fo(s),
—e*0uy — (03, + 05, — w + vo)uy + Biy(s, Os)vo+
eBio(s,0s,€)v9 + €By1(s,€0s,€)ur = f1(s,q), (51)
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rie
BOO = b607 Bgl = €b01 + €2b61, B?O = blo, BlO = bllo, BH = 6(2{1'(93, A?}‘i‘

2
S
(A~ T (L0 + V() — e+ 2bir + 2. (52)
[Tpu BeIBOZIE cucTembl (51) mcnob30BaIoCch cooTHOMEHUE byy = 0.
JleBbie yactu cucrembl (51) OmpeIeIAOT HEIPEPBIBHBIN OlIepaTop

A HASH x HE(Q) N Lg — Ly(S}) x L

U JIJIsl JIOKA3aTeIbCTBA CYIIECTBOBAHUS PE30JIbBEHTEI oreparopa H. 1pu 3a/laHHbIX € U A
JIOCTATOYHO YCTAaHOBUTD, UuT0 A sBjsercs nzomopdusmom. Oneparop A mpeacraBiisercs B
Buge cyMMbl A = Ag+eB, rie A oupenensercs us (51), ecim Bce B;; MOJIOXKATH PABHBIMI
HyJ1I0, a B onpefensercs Marpuanbivu steMentamu B; ;. Ecmu p ¢ o(T)) (o(Tp) — cuexrp
omeparopa 1j), To pemtenne cucreMmsl (51) 6e3 oneparopos B;; MOKHO MOy IHTE B SBHOM
BHJIE C IIOMOIIBIO pasiozkenus (48) u pasnoxenus koaddunuentos C,(s) u3 (48) B pss
Dypbe

Cn g) = an_e%rzks/l.
() kz_oo 7
B pesysbrate momyunM, ato onepatop Ay’ onpeensercs hopMymamu

(fl - B(fovo)nk

Vo = (TO - M)ilf(b an == 5252 T — VO,
k n

(53)

re & = 2wk /1, a (fi — BYyvo)nkx — K03DPUIMERTDHI COOTBETCTBYIOMEr0 PA3JIOKEH s JIJIst
fl - B?OUQ.

U3 ussectnoro pasencrsa ||(Ty — )| = dist(i, 0(Tp)), cupaseymusoro jyist Jo0bIX
CaMOCOTIPSIZKEHHBIX O1epaTopoB (cM., Hanpumep, [28| rmasa 6 . 1 npumep 2), ipu p € W,
s vy creyer onenka |[vg|| < ¢l foll ¢ Koncranroit ¢, ne sasucameit or fo € Lo(S})). Us
crangaprHoro HepaercTsa ||vglle < c(||Tovo|l + ||vo||) mpu p € W renepn nmonyvaercs
OIleHKA

[voll2 < ell foll, (54)

riie || - ||2 — nopma B H2(S}), a uepes ¢ 31ech n gasee Kaxkplii pas o603HAUAETCS HOBAs
koncranta. 13 (53), (54) u Toro, uro (49) siBasteTcst sxBuBatenTHON HOpMOit B H (),
noJrydaeM, 4to oueparop Ay upu p € W onia € > 0 apisiercss #30MOPMOU3MOM.

[Ipu p € W, rme W onpesesieno B hbopMyImpoBKe TeopeMbl 3, OyjieM paccMaTpuBaTh
e B kak Bosmyenue, u oyaem crpouth A~! B Buge psaga Heitmana

o0
A=At + AS! —eBAZH™. 55
o T4 anl( eBA;) (55)
HCHO, 9TO TeopeMa 3 6yﬂeT JO0Ka3aHa, €CJIM Mbl YCTaHOBUM CJICYIOIIEE YTBEP2KICHUE.

Jlemma 2 Hatidémes makoe g9 > 0, wmo nopma onepamopa BAg' pasromepro ozpanu-
wena npu ecexr 0 < e <eggup € W.

JloKazaTeILeTBO 9TOr0 yTBEPKICHHs IPOBOJANTCA 10 TOI CXeMe, UTO JOKA3aTeIbCTBO
nemmbl 1. Beegém B H2) () HopMy, 3aBUCAIIYIO OT apaMerpa &:
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3
lulloe = I102ull + D (leduDy;ull +10g,ull) + Y 1104, 04,ull + ledsull + ull,  (56)

=2 2<i,j<3

e || - || — nopma B Ly(Q2), a || - |2, — 910 0Obrmas nopma B H* ().
C HEKOTOPOIT KOHCTAHTOI ¢ BBITIOJIHIETCS OTIEHKA

Jull2e < €202 + 03, + 07, — w + vo)u | (57)
s Beex uy € H3(Q) N Ly, HeiicTsurenbHo,

16050y, [” + ledsun ||*=
(£050y,u1,0,0,,u1) + (€05uy, €05u1) = (e20%uy, 8§ju1)—

l
(e*07ur, ur) < ([le*05un||* + 1105 uall* + Jua[1*) §02(||€23§U1I|2+/ s 52 ar) ds),
0

!
a ocrasbHble craraeMble B (56) omennsatorcs gepes ([, [lul|7,e (M) ds)'/?. Hamommm, uTo
¢ KazKJIplil pa3 03HavYaeT HOBYIO KOHCTAHTY. C HOMOIIBI0 OOBIMHO SJIITHIITHIECKOl OIEHKN

lurllrecany < ell (G, + 05, — w + vo)ul Loy

Telepb I1oJIydaeM

lurll3 < (le*0unll* + 110G, + 95, — w + vo)ua|1?). (58)

Paznoxus u,(s,q') B pax 1mo opronopmuposannoii cucreme [~ /2y,(¢') exp(2miks/l) u
0003HAYNB, KaK U Ipexkje, KodpdUummeHTs 3Toro pasiaokerus depe3 Chp, ¢ IOMOIIbIO
pasenctBa [lapceBasia morydnm, 4To

1203wl + 185, + 85, —w+vo)wl® = > (€6 + (v — 1)) Curl® <

n=1 k=—oc0
DS (PG A v — )2 O = (€202 + 02 + 02— w + vo)ua|*. (59)
n=1 k=—oo

U3 (58) u (59) mosmyuaem orenky (57).
3 (53), (54), (57) sicro, uro jyist perennii cucremsl Ag(vg, u1) = (fo, f1) ¢ HeKoTOPOIH
KOHCTAHTOM €1 BBINIOJIHSIETCS OIEHKA

[vollz + llurllae < er(llfoll +[[/1]]) (60)

st Beex vy € H2(SE), up € HH(Q) N Ly, pe€ W, e >0, rae | - || — nopma B H2(S))
B cuity OTMEUEHHBIX BBIIIE CBOHCTB oneparopoB B, npu 0 < & < £y ¢ HEKOTODPBIM
g0 > 0 BBIIOJIHAETCS OIEHKA

1B (vo, ur) || < ea(l[voll2 + l[urll2e)- (61)

Tak xax (vo,u1) = Ag' (fo, f1), To w3 (60) u (61) Temeps momyIaem, 4To

IBAG (fo, SOl < sl foll + 1 f1]])

rJie c3 = C1Co. TeM caMbIM yTBEPKJIEHUE JIEMMBbI JIOKa3aHO.
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11. CBepeHue 3aga4ym O HaxXoXAEeHuUn
COGCTBEHHBbIX 3Ha4YeHuii onepatopa /{ K HessBHOMY ypaBHEHMUIO

[Iycts pp m Wy BeIOpanbl Tak, Kak ykazaHo B (opmy/upoBke Teopembl 4. Paccmorpum
3ajiady: 1o 3aganubM (fo, f1,d) HaiiTi permenne (vg, Uy, g) CUCTEMBI

(To — p)vo + gPr + €Boo(s, 05, €)vo + €Boi (s, €05, €)ur = fo(s),

—£20%uy — (07, + 02, — w + vo)us + Biy(s, Os)vg+

eB1o(s, 0s, €)vo + eBi1(s,€0s,€)ur = f1(s,¢), (vo, Pr) = d, (62)
rae B, 1,7 = 0,1 oupenensiorcs dopmynamu (52), (-, ) — CKaJspHOe IPOU3BEJICHIE B
Ly(S}), ad u g — aucna. Tomobuble 3a1a4n paccMaTpUBAINCE B [22] B CBA3M ¢ UCCIeI0BA-

HUEM T'UIHOJIIMITUYHOCTU HEKOTOPBIX OIIEPpaTOpPOB U B [21]. Yepesz A reneps 0bo3HaTMM
COOTBETCTBYIOUINIA ollepaTop

A HASH x HA(Q) N Ly x C — Ly(S}) x L3 x C.

ITpennoxkenue 6 /Jlaa nexomopozo €y > 0 onepamop A npu ecex p € Wi, 0 < e < g
ABAAECMCA USOMOPHUSMOM U ¢ HEKOMOPOT, KOHCTAHMOU C BUINOAHACNCA OUEHK,

[voll2 + lluall2e + 191 < el foll + [l /2]l + 1) (63)

JloKazaTebCTBO TOI0 YTBEPIKJEHHUS AHAJIOIMIHO JIOKA3ATENbCTBY IPEJIJIOKEHNsT
1 (mompobroe wm3noxkenue cMm. B [20]). Byaem obosmadars g u3 cucrembl (62) Kak

g(/’b757f07f1>d)-

Ipennoxkenmne 7 Yucao \, npunadaestcawee Wi + v/, npu 0 < £ < g, 20e Wi u £
) ) )

yKrasanvl 6 npedrodcenu 6, moada u moaAvko mo20a ABAAECMCA COOCMEEHHDIM 3HAMEHUEM

onepamopa H,, xo20a

Gl e) =0, (64)

ede p ceasano ¢ A gopmyaot (50), G(p, e) = g(p,£,0,0,1). IIpu sewsecmsernux fn Gyrik-
yua G(u, ) sewecmeaenna.

JlokazaTebCTBO 9TOr0 YyTBEPXKIAEHUsT aHAJOIUYHO JI0KA3aTe/IbCTBY IPEIJIOKEHHUS 2
(moapobmoe nznoxkenune cM. B [20]).
Ham nonamoburcst Takzke yTBeprKJeHHE O IVIaJKOCTH pereruii cucrembl (62). Bre-

JIEM [IPOCTPAHCTBO Hg’m)(Q), cocrosiee u3 GyHkiwmit, st Koropbix du € H% (), j =
0...m, u upu € > 0 onpejeuM HOPMY, 3aBUCAIILYIO OT €, B 9TOM [IPOCTPAHCTBE:

m .
lllam.e =3 l1oulae.

[Ipu € = 1 mosryaaem OOBITHYO HOPMY. AHAJIOTTIHBIM 0OPa30M OIPEIeINM ITPOCTPAHCTBO
HO™)(Q), cocrosmee n3 GYHKIMIT ¢ KOHETHOH HOPMOi

o = D2 19261

tax uro H (9 (Q) = Ly(9). Oneparop A MO¥kKHO paccMaTpHBaTh KaK OTOODaryKEHHe

A HPMSH x HE™(Q) N LE x C— H™S)) x HO™(Q)n L x C. (65)
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ITpennoxkenuue 8 Jlaa a06020 yenozo m > 0 natidymes maxue €, > 0 U ¢y, wMo NPU
p e Wy, 0<e < e, onepamop A 6 (65) Asasemes u3oMopPusmom, a ecau uMeemcs
pewenue cucmemn (62) vy € H2(SY), uy € HH(Q) N Ly, fo € H™(SY), fL € HO™(Q)N
Ly, mo

vo € HP™(SY), wy € HE™(Q) N £t (66)

U 8BIMOAHAECTNCA OUEHKQ

[vollm+2 + [[urll@mye + 19l < em ([ follm + [ f1ll0m) + 1d])- (67)

JloKa3aTeIbcTBO 9TOTO YTBEPXKICHNSA AHAJOTUYHO JIOKA3aTEIbCTBY IIPE/JIOXKCHIS 3
(mozpobuoe usoxkenue cM. B [20]).

12. [dokasatenbCTBO Teopembl 4

Hoxkazkem, aro dyukiwmst g(u,e,0,0,1) mist p € Wy umeer npegen npu € — +0 u, ecyin
JoonpenenTsb eé npu € = 0 9TuM npejesaom, To sta GyHknusg npuaaamexknt C (W X
[0,60)) u mpu dTOM OymeT aHAJUTHIECKON 10 Mapamerpy [, & JJisi 9TOrO JIOCTATOYHO

/ /
[OKa3aTh, YTO OHA MMeET OrpaHMYeHHbIe YacTHbIe pou3Bogabie B Wi x (0,&(), rue ) —
moboe 0 < g < €.

Ipu pp € Wy, 0 < € < &y /I HEKOTOPOTO £y ONepaTop A aHAIUTHYECKH 3aBUCUT
OT MApPAMETPOB f M € W B CHJIy NPEJIOKeHUst 6 00paTnM, CJIe0BaTeIbHo, vy, Uy (Kak
byukiuu co sHadenuamu B npocrpancrsax H2(S}) u H%(Q) N L) u g Takke aHam-
THYECKH 3aBUCAT OT 9TUX MAapaMeTPoB. AHAJIOTHIHBIM 0OPA30M, B CUILY MPEJIOKEHUs 8
OHH, KaK 3JIEMEHTBI [IPOCTPAHCTB U3 JIeBoil yacTu (65), aHAIMTUYECKU 3aBUCAT OT [ U €
(pu € Wy, 0 < € < &,,). Obo3HAIIM

(n1>n2) __ AQni Qna (n17n2) __ AQni Qn2 (nl,nz) __ AaQni1 Qn2
Vg = 0,00, uy =0,'0%u1, g = 0,'0%g.

IIpennoxkenue 9 /Jlasa aobvxr yeavir n > 0, m > 0 natidymesa maxue €,,, > 0 u
KOHCIAHINDL Cry g, W0 NPU 1 € Wi, 0 < € < €y U KOREUHOT || f |limgn © [ f1]|(0,mtn) 005t
pewenuti cucmemos (62) UNOAHAIOMCA OUEHKU

0,n 0,n n
0™ Nlagm + 1167 | @mye +199] < Cmnl follmrn + || fill@miny +1d]).  (68)

HokaszareabcrBo. Byjem okasbiBars (68) mo nugyknun. B cuty npepioxkenns 3 Hepa-
BeHcTBO (68) Beimosaeno pu n = 0. [Ipennonoxknm, ato (68) BBITOIHEHO IPU BCEX MM JTTs
n < j—1 u gokazxkem, 9To (68) Oy/eT BBITOTHEHO TIpH Beex m iyt n = j. nddepennupyst
(68) 1o &, moJyINM crcTeMy, aHAJIOIHIHYO (36):

(To — u)véo’j) + gD + eByo(s, 05, s)v(()o’j) + eBoy(s,£0,, £)u" = Fy(s),
(—%0 = 03, — 0, +w — wo)ul™ + Bl (s, 05)ug" "+
eBio(s, 8, )" + eBi(s,€0,,e)ul™ = Fi(s,¢), (", @) =0.  (69)
JasibHeiitee 10Ka3aTeIbCTBO IPEJIOZKEeHNS 9 aHATIOTTIHO JIOKA3ATEIbCTBY MIPEJIOKEHUS
4 (mogpobHoe uznoxkenne cM. B [20]).
C HOMOIIBIO MHYKIUMK 110 N aHAJIOIUYHBIM O0PA30M yCTAHABIMBAETCS OIEHKA IIPO-

U3BOJIHBIX, cojiepKamux JuddepeHimpoBaius Mo [, IpU 3TOM OleHKa (68) siBisiercs
Ha4YaJIOM WH/LYKITUN.
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ITpengoxxkenue 10 Jlas aw0bvix yeaive ny > 0, ng > 0, m > 0 natdymces maxue KoH-
CIMAHMVL Cpy gy WO Npu ft € Wi, 0 < € < ey U KOHEUHOT || flmans U || f1]] (0,me4n0)
ons pewenuts cucmemuv, (62) 6bNOAHATOMCA OUEHKY

105" g + 165 | @my e + 1972 < gy (|| follmtns + | Fill@metna) + |d]). (70)

CaencrBue 1. Qynxyus g(u,e,0,0,1) dan p € Wy umeem npedea npu ¢ — +0 u,
ecau doonpedeaumsv €€ npu € = 0 amum npedesom, mo ama GYHKUUA NPUHAOAEHCUM,
C*®(Wy x [0,e0)) u npu amom 6ydem anasumuseckoti no napamempy fi.

JeitcTBUTEIBHO, KAK Y2KE€ OTMEYa/I0Ch BBIIIe, JJIS 9TOr0 JOCTATOYHO YCTAHOBUTL Orpa-
HIIEHHOCTD IPOU3BOIHBIX 0T ¢4, €,0,0,1) ma [0, &), rme 0 < g < &9. Ho s10 cienyer u3
YCTAHOBJIEHHO paHee aHasmTuaHocTn GyHkmuu g(u,e,0,0,1) mpu p € Wy, 0 < e < gy u
orenok (70).

CaencrBue 2. Fcau vy uuy oaa fo =0, f1 =0, d=1 paccmampusams xax dynruuu
co snavernuamu 6 H*(S}) u H%H(Q), mo onu umerom npedeav, npu e — +0. Joonpedeaus
ux omumu npedesamu npu € = 0, noaywum gynkyuu us C(Wy x [0,e0)) u npu smom
onU OYoYm GHANUMUYECKUMU NO NAPAMEMPY L.

OTO yTBEpXKJIEHNE YCTAaHABIUBAETCA TAaKUM K€ 00pa30M, KaK W IPeIblIyIee, eciin
3aMeTUTh, uTo HopMa dbyHKImil B H%(£2) paBHOMEPHO 110 € ONEHUBAETCs Yepe3 HOPMY B
HZ,Q (Q)

) :

Tenepb MBI MOYXKEM 3aKOHYUTH JI0KA3aTeILCTBO TeopeMbl 4. [lepexons K tnipejieny npu

£ — +0, B IEPBOM U TPeThEM YPaBHEHUSIX CUCTEMBI (62), oIy ammM

(To — p)vo + G(p,0) P = 0, (vo, Pi) = 1,

ciaegosarenbro, vy = @ u G(p,0) = p — pg. Hosromy 0,G(p,0) = 1 # 0 u yrBepxaenue
TEOPEMBI 4 Tellepb BBITEKAET U3 MPEJJIOKEHUSA 7 U TeOPeMbI O HESIBHON (hOyHKITUH.

13. Bblunmcnenve ko3(pPULNEHTOB ACMMNTOTMYECKOro pasnoxenus (41)

Uexonst 3 nipeiozxkenust 7, coOCTBEHHOe 3HAYEHNME i (£), CYIeCTBOBAHIE KOTOPOTO yCTa-
HOBJIEHO B TeopeMe 4, MOYKHO HOJIyYUThb IyTeM pemtenusi cucreMbl (62) ¢ fo = 0, f; =
0, d =1, ecsiu B KauecTBe [ B3ATD fix(€), yaoBiaeTBopsitoniee ypasaenuto (64). Tak kak B
CHUJTY CJIEJICTBHsI 2 COOTBETCTBYIOMUE i (€), vo(s,€), ui(s,q &) beckoneuno nuddepen-
nupyembl pu 0 < £ < g, TO UX MOXKHO Pa3JIOKNATh B ACUMITOTHYCCKHE psianl Teittopa

oo g n o gh n
w(s,e) v D ™ (,0), wlsd,e) ~ Y ™ (s.d,0). (7]

n=0 n!

[Tocsie 5TOro0 MOXKHO JIefiCTBOBATE 110 CTAHJIAPTHON CXeMe Teopun Bo3MyIeHuit: psaisr (41)
(c yaerom (50)), (71) noxcrasurs B ypasuenus (62) c g =0, fo =0, fi =0, d =1 u, npu-
paBHUBAas K HyJI10 KO3(MMUIUEHTH! IIPH OJMHAKOBBIX CTEIEHSIX €, 0Ty IaTh PEKYPPEHTHDIE
COOTHOIIICHNUST JITsl onipe/ieieHus Koadbdurmentos pasnoxkennit (41), (71) (mpu sToMm, ecte-
CTBEHHO, KO3 MUIINEHTDBI OIIePaTOPOB BB;; TaKKe HyKHO Pa3IokKUTh B aCUMITOTHIECKNE
PSLJIBL TI0 €).

Taxum criocoboM 1o IyIaeM COOTHOIIEHU S
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(To — ) vo(s,0) =0, (vo(s,0), Pr(s)) =1,
(To — uk)véo’l)(s, 0) — di1vo(s,0) + by (s, s, 0)vp(s, 0) = 0, (72)

oTKyza cienyer, 9ro vo(s,0) = Pg(s), a ycaoBueM paspernmMocTu BTOPOrO ypaBHEHUs
SABJISETCS PABEHCTBO

dk’,l = (b60(3’88’0)®k<3)7(I)k(S»v (73)

KOTOpOe 1 onpe/iesideT KoapdpumuenT dy, ;.
OuerniHO,9T0 hopmysbl (72) u (73) coBnamaror ¢ dhopmysaMu CTaHIAPTHON Teopun
BO3MYIIEHHH /I OllepaTopa
Ty + blyy (s, s, 0), (74)

KOTOPBI{I OJIyuaeTcs, eyl B IpaBoit uacTu nepsoro ypasuenus B (51) (6e3 p1) npenebpedn
wienamu nopsaika O(e?). Orciona cieuyer, uro py,(g) npu € — +0 ¢ Tounoctsio 0 O(g?)
COBIaJIaeT ¢ COOCTBEHHBIM 3HaUeHneM oreparopa (74), KOTopoe HAXOMUTCst BOIU3H [ij.

14. Cny4aih KpaTHOro COGCTBEHHOro 3Ha4eHus onepartopa TO

[IycTh p15 — KpaTHOE cOOCTBeHHOe 3Hauenue oneparopa Ty u @, ®F — oproHOpMUPOBAHHbIE
cobcTBennbie (DYHKITUU, OTBEYAIONTIE STOMY coOcTBeHHOMY 3HadeHnio. O003HAYNM depes

 marputy
B: 60(8,85,0)<I>,1€,(I)]1€) 60(8,85,0)@i,<1)]1€)
60(3’88’0)q)11cvq)z> 60(373&0)‘1’%@%)

1 TIPEIIOJIOKIM, 9TO BEKOBOE ypaBHEHNE det(ﬁ —nl) =0, re I — euHIYHAS MATPHIIA,
HMEET MPOCTBIe KOPHU 7)1,7) (T.e. B IEPBOM IOPSIJIKE TEOPUHU BO3MYIIECHUI TPOUCXOIUT
pacirerienne coOCTBEHHBIX 3HaUeHuil oneparopa (74). B takom cirydae GyJier BBIIOJIHEHO
yTBepzKIeH1e, aHaJoruIHoe TeopeMe 4 1 ciejcTBuaM npeioxkenus 10, no B Wy, + v/
[IPU JIOCTATOYHO MAJIbIX € > () OyIeT CyIecTBOBaTh He OJIHO COOCTBEHHOE 3HAUEHNE, a JIBa,
AL(g) 1 A7 (¢), uprteM Onm HEBBIPOYS/ICHDBI 1 f1,)°(€) BMECTE ¢ OTBEHAIONIME UM by HKITH-
sIMI Vg 1 11 6eckoredHo Juddepennupyemsr 110 € pu 0 < & < g¢ JUId HEKOTOPOro g > ()
1, (0) = pup.

JloKa3aTesbCTBO 9TOr0 YTBEPKJIEHUS MOXKHO TOJIYYUTH 10 TON 2Ke cXeme, 9TO U JI0-
Ka3aTeJIbCTBO TEOPEMbI 4, IIO3TOMY MbI OTMETUM TOJIBKO HEKOTOPbLIEC USMCHEHU A, KOTOPbIC
HY?KHO BHECTH B paccyzKJeHnsd 1. 12.

B cucreme (62) u gasee oy g, $p u d cieyer HoHUMATH BEKTOPHbBIE BEJTMIMHBI

g = (91792)a (I)ki - <(I)llc7q)i)7 d= (dl,dg),

a 10J1 uX IpoussejienneM, Hampumep, dP, — cymmy npoussesenuit nx komroneHT. Jloka-
3aTesibcTBa npeoxkennit 810 u ciescrBuit K npejyioxkennto 10 mepeHocdaTcss Ha 9TOT
caydail 6e3 usmenenuii, a B hopMmyauposke npeioxkenus 7 dbyukiws G(pu, ) onpemess-
eTcs Kak

G(ﬂ? 5) = det g(:ua 5)7 (75)

rJle MaTPHIA § ONPEJIeIAeTCs CIeyomuM obpasoM: ecau B cucreme (62) fo =0wu fi =0,
TO, B CUJIy JIMHEHHOCTH,

9(p,£,0,0,d) = g(p,e)d, (76)
J

rae (jp, €) — Marpuiia ¢ sjaeMeHTaMu g;; (4, €), i,7 = 1,2.
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[Ipu BemectBennbix 1 dyuKIwsa G(u, ) BelecTBeHHA. DTO CJACIYET U3 TOrO, UTO IPH
BEIeCTBEHHBIX [ MaTpHIia §(u, €) spmuroBa. UT0OBI 9TO TTOKA3ATH, 3AMETHM, 9TO CUCTEMA,
(62) ¢ fo =0 u f; = 0 9KBUBATIECHTHA COOTHOIICHISIM

e(HL — Nu=—g1®x0 — 92Pix0, (. Ppxo) =di,  €(u, Pixo) = do,  (77)
rie (-, ) — ckansipuoe npoussenenne B Lo(). Samenss e2(H. — \)u B paBencrse
(u,€*(H. = Nu) = (e*(H. — N)u, u)
Ha mpaByto JacThb B (77) 1 mosb3ysack cooTHomerusivMu (76), (77), moaydaem
(gudr + Giado)ds + (Ga1dy + G22da)da = (g1 + Gr2d2)d + (Grdy + Gaada) .

Bsuy npousBosibHOCTH "mcesn dy, dy OTCIOJA CJIEJIYET, 9TO MaTPHUIA § SPMUTOBA.

Hawubosee cymecTBennble U3MEHEHNS HYKHO ITPOM3BECTH B KOHIIE JI0KA3aTe/ILCTBA TEO-
peMbr 4. BMecTo 00bIMHO# TeOpEeMbI 0 HeABHOM (DYHKIIUK HYKHO HCIIOJIB30BATD CJIETYIONIEe
yrBepienue: ecau gynwrkyus G(p, ) kaacca C onpedeaena npu 0 < & < g9 6 nekomopot
KOMNAEKCHOT OKPECTVHOCTNY MOYKY L) U GHAAUMUYHE NO |1, NPULEM

G(,U/ka O) - O) Gu(:ukn 0) - 07 G&(Mka O) - 07 Glivli(luka O) 7£ 0

U KOPHU YpPaBHEHUA

G (1, 0) + 20 G e (g, 0) + Gec (1, 0) = 0

pazauunol, mozda ypasnenue G(u,e) = 0 6 nexomopot oxpecmmocmu mowku (g, 0) npu
0 < & umeem dsa passunvix kopus pk(€) u i (€), npuvem () € C% u py*(0) = pug.

DTO yTBEPXKICHUE JICTKO CBOAUTCA K OOBIYHON TeopeMe O HesSBHON (DYHKIMU C IIOMO-
MIBIO TTOJICTAHOBKU [ — [lf, = £Z.

[Tocse sTUX 3aMevaHuii oCcTAeTCs JIUIL MPOBEpUTH, uro yHKunsg G(u,e), ompee-
nennasi popmyaamu (75), (76) ymaoBierBopsier STUM yeaoBHsM. Jljisi 9TOTO JI0CTATOYHO
BBIUUC/UTD TI€PBbIE IPOU3BOJIHBIE OT § B TOUKe (fik, 0).

[Mepexomst k npemeny npu € — +0 B (62) mist fo =0, f1 =0, mosyaaem

(TO - ,U)UO + g(,ua 07 07 07 d)q)k = 07 (U07 q)k) = d;
caeoBaresibho, vy = dPy u g(1,0,0,0,d) = (u — py)d, mosTOMYy
a u3 (69) ciemyer, 14ro
(To — )i + gD (111, 0,0,0, d) Py, + by (s, Ds, 0)vg = 0.

Kak Tosibko 1uTo ObL10 110Ka3ano, vy = dPp 1, ymMHOMkKast 370 ypaBHEHUE CKAJSIPHO Ha
@l u O? moryaum

(9(071) (:ukv 07 07 Oa d)q)kﬂ ‘I)i) = _( 60(37 857 O)dq)ka (D?c)v

wit, yanrsisas (76, 8.4 (p, 0) = —(. W3 (78) Teneps BbITeKaeT, 4To
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.@(Mae) = (,u - y’k’)I o 53 + O(’ﬂ' - Mk’z + 52)7

OTKYy/Ia JIETKO CJIEJyIOT BCe HeobxoauMble HaMm cBoiicrBa dbynkuun G(u,e). Tem cambim

copMyIMPOBAHHOE B HadaJje 3TOr0 IIyHKTA yTBEPXKJEHHE O COOCTBEHHBIX 3HAUEHUSIX
1,2

Ay (€) moxasamo.

1,2 .
Kak u B 11. 13, /7151 BBIUnC/I€HUSA KOIDDUITMEHTOB d,ﬁl COOTBETCTBYIONINX Pa3/I0KEHUM

1,2 ;
JUTSt f1,)” (€) MOXKHO IPUMEHSTD K omreparopy (74) oObrambie (hOpMYJIbI TEOPUH BO3MY ICHHIT
KpPaTHOTO COOCTBEHHOT'O 3HAYEHU.

Cnucok nutepaTypbl

1.

10.

11

12.
13.

14.

15.

16.

17.

18.

19.

20.

Macnoe B.II. AcuMnToTHKa COOCTBEHHBIX (DyHKIMIT ypaBHEHHs An + kK’ = 0 ¢ KPaeBBIMH YCTOBHAME
Ha DKBUIUCTAHTHBIX KPHBBIX M paccesHHe IeKTPOMAarHUTHBIX BOJNH B BoiHOBOAe// JJoxn. AH CCCP,
1958, 123(4), 631-633.

Maslov V.P. Mathematical Aspects of Integral Optics// Russ. J. Math. Phys., 2001, 8(1), 83-105.
Macnoe B.I1., Bopooves E.M. OO0 0qHOMOIOBBIX OTKPHITHIX pe3onaropax// Jlokin. AH CCCP, 1968,
179(3), 558-561.

benos B.B., [Joopoxomog C.1O., Cunuyvin C.O. AcumnToTudeckue pemieHus ypasHenus Llpeaunrepa
B TOHKHX TpyOkax// Tpyner UacTHTYTA MaTaTemarnku u Mmexanukn YpO PAH, 2003, 9(1), 1-11.

benos B.B., /loopoxomos C.IO., Cunuysin C.O., Tyooposckuii T.l. KBazukiaccuieckoe pruOITHKEHUE
U KAaHOHWYECKUH omeparop MacioBa JJisl HEPeIATUBUCTCKUX YPaBHCHHH KBAaHTOBOM MEXaHWKH B Ha-
HotpyOkax// loxm. PAH, 2003, 393(4), 460464.

Belov V.V., Dobrokhotov S.Yu., Tudorovskii T.Ya. Quantum and classical dynamics of electron in thin
curved tubes with spin and external electromagnetic fields taken into account// Russ. J. Math. Phys.,
2004, 11(1), 109-118.

benos B.B., Jlobpoxomos C.FO., Tyooposckuii ACUMITOTHUECKUE PEIICHUS HEPEIATUBUCTCKUX ypaB-
HEHHMI KBaHTOBOM MEXaHUKU B MCKPHUBIECHHBIX HaHOTpyOkax// Teoper. Mar. ®us., 2004, 141(2), 267-
303.

benos B.B., /loopoxomos C.IO., Macnos B.Il., Tyodoposckuii T.AI. O000ImEHHBIN aquabaTHUeCKuit
TPUHIINI 7SI OIIMCAHKS IUHUMHKH JIICKTPOHA B MCKPHBICHHBIX HaHOTpyOKax// Ycmexu ®us. Hayk,
2005, 175(9), 1004-1010.

Duclos P., Exner P. Curvature-induced bound states in quantum waveguides in two and three
dimensions// Rev. Math. Phys., 1995, 7(1), 73-102.

Exner P., Seba P. Bound States in curved quantum waveguides// J. Math. Phys., 1989, 30(11), 2574-
2580.

. Exner P. Bound states in quantum waveguides of a slowly decaying curvature// J. Math. Phys., 1993

34(1), 23-28.

Exner P. A quantum pipette// J. Phys. A, 1995, 28(18), 5323-5330.

Bulla W., Gesztesy F., Renger W., Simon B. Weakly couped bound states in quantum waveguides//
Proc. Amer. Math. Soc., 1997, 125(5), 1487-1495.

Exner P., Vugalter S.A. Bounds states in a locally deformed waveguide: the critical value// Lett. Math.
Phys., 1997, 39(1), 59-68.

Borisov D., Exner P., Gadyl’shin R., Krejcirik D. Bound states in a weakly deformed strips and layers//
Ann. Inst. H. Poincare, 2001 2(3), 553-572.

I'pywun B.B. O cOOCTBEHHBIX 3HAYCHUSX (DMHUTHO BO3MYIICHHOTO orepartopa Jlamiaca B 6eckoHeu-
HBIX [IWJIHHIpHYCCKUX oOnacTsax// Marem. 3ametku, 2004, 75(3), 360-371.

Ipywun B.B. AcuMIITOTHYECKOE TTOBEJIEHNE COOCTBEHHBIX 3HadYeHH omneparopa Illpe- quHrepa c mo-
MEPEYHBIM MMOTCHITHAIOM B ¢l1ab0 MCKPUBIICHHBIX OCCKOHEYHBIX NWiIHHApax// Martem. 3amerku, 2005,
77(5), 656-664.

I'pywun B.B. AcuMntoTndeckoe moBesieHue COOCTBEHHBIX 3HAUeHUH orneparopa Jlamnaca B GeckoHed-
HBIX IIIHHJPAX, BO3MYIICHHBIX MONEPEYHbIMU pacTskeHusmu// Martem. 3amerku, 2007, 81(3), 328-
334.

Ipywun B.B. AcuMITOTHYECKOE MOBEACHHUE COOCTBEHHBIX 3HAYEHMU omeparopa Jlamiaca B TOHKHX
OeckoHeuHbIX TpyOKkax// Martem. 3amerku, 2009, 85(5), 687-701.

[ pywun B.B. ACUMIITOTHYECKOE MTOBE/ICHNE COOCTBEHHBIX 3HaYeHNH omeparopa llpé- nuarepa B TOH-
KHX 3aMKHYTBIX TpyOKkax// Matem. 3ameTku, 2008, 83(4), 503-519.



44 TpywwH B.B.

21. I'pywun B.B. llpuMeHeHnE MHOTONIapaMEeTPUUIECKOIl TEOPUH BO3MYILEHUH (hPEAroab- MOBBIX ONEpaTo-
poB k 610x0BckuM ¢QyHKImsaM// Matem. 3ameTku, 2009, 86(6), 819828

22. I'pywun B.B. O6 ogHOM KIitacce TiceBnoauddepeHaIbHbIX ONepaTopoB, BEIPOKIAOIINXCS HA TOJ-
MHoroo6pazun// Matem. C0., 1971, 84(2), 163-195.

23. l'aovinvwun P.P. O IOKaJIBHBIX BO3MYIIEHUSIX KBaHTOBBIX BOJIHOBOMOB// Teoper. Mar. ®@wus., 2005,
145(3), 358-371.

24. Chenaud B., Duclos P., Freitas P., Krejcirik D. Geometrically induced discrete spectrum in curved
tubes// Differential Geom. Appl., 2005, 23(2), 95-105.

25. Maeapuan JIL.U. , Dumun M.B. DNeKTpOHBI B KPUBOJMHEWHOW KBaHTOBOW TpoBojoke// XK. Dkcmep.
Teoper. ®us., 2003 123(4), 867-876.

26. Hormander L. Linear Partial Differential Operators// Grundlehren Math. Wiss., 116, Springer-Verlag,
Berlin, 1963. Pycc. mep.: Xépmanoep JI. Jlunelinvie muddepeHraibHble OnepaTopbl ¢ YaCTHBIMH
npousBoAHbIME// Mup, Mocksa, 1965.

ASYMPTOTIC BEHAVIOR OF EIGENVALUES
OF THE SCHROEDINGER OPERATOR
IN THIN INFINITE TUBES AND THIN
CLOSED TUBES

V.V. Grushin

Moscow Institute of Electronics and Mathematics
at National Research University HSE

vvgrushin@mail.ru

Received 30.09.2012

The eigenvalue problem is considered for the Laplace operator with zero Dirichlet conditions in infinite tubes,
i.e., in infinite curved cylinders with internal torsion under uniform compression of the cross-sections, and an
asymptotic expansion is obtained with respect to a small parameter characterizing the transverse dimensions of the
tube. A similar expansion is obtained for the Schroedinger operator with the magnetic field taken into account in
the case of finite closed tubes. A method for reducing the eigenvalue problem to the problem of solving an implic-
it equation is proposed.



